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Least Squares Problem

The ordinary Least Squares (LS) method assumes that the system matrix A of
a linear model is error free, and all errors are confined to the right hand side b.
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Least Squares Problem

The ordinary Least Squares (LS) method assumes that the system matrix A of
a linear model is error free, and all errors are confined to the right hand side b.

Given AcR™" beR™ m>n
Find x € R" and Ab € R™ such that

||[Ab|| = min! subject to Ax = b+ Ab.
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Least Squares Problem

The ordinary Least Squares (LS) method assumes that the system matrix A of
a linear model is error free, and all errors are confined to the right hand side b.

Given AcR™" beR™ m>n
Find x € R" and Ab € R™ such that

||[Ab|| = min! subject to Ax = b+ Ab.

Obviously equivalent to: Find x € R” such that

|Ax — b|| = min!
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Total Least Squares

In practical applications it may happen that all data are contaminated by
noise, for instance because the matrix A is also obtained from measurements.
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Total Least Squares

In practical applications it may happen that all data are contaminated by
noise, for instance because the matrix A is also obtained from measurements.

If the true values of the observed variables satisfy linear relations, and if the

errors in the observations are independent random variables with zero mean
and equal variance, then the total least squares (TLS) approach often gives

better estimates than LS.
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Total Least Squares

In practical applications it may happen that all data are contaminated by
noise, for instance because the matrix A is also obtained from measurements.

If the true values of the observed variables satisfy linear relations, and if the
errors in the observations are independent random variables with zero mean
and equal variance, then the total least squares (TLS) approach often gives
better estimates than LS.
Given Ae R™" beR™ m>n
Find AAe R™" Ab e R™and x € R” such that

[[AA, Ab]||%# = min! subject to (A+ AA)x = b+ Ab, (1)

where || - | denotes the Frobenius norm.
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Total Least Squares

In practical applications it may happen that all data are contaminated by
noise, for instance because the matrix A is also obtained from measurements.

If the true values of the observed variables satisfy linear relations, and if the

errors in the observations are independent random variables with zero mean
and equal variance, then the total least squares (TLS) approach often gives

better estimates than LS.

Given Ae R™" beR™ m>n
Find AA e R™" Ab € R™and x € R" such that

[[AA, Ab]||2 = min! subject to (A+ AA)x = b+ Ab, (1)
where || - | denotes the Frobenius norm.

In statistics this approach is called errors-in-variables problem or orthogonal
regression, in image deblurring blind deconvolution
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Regularized Total Least Squares

If Aand [A, b] are ill-conditioned, regularization is necessary.
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Regularized Total Least Squares

If Aand [A, b] are ill-conditioned, regularization is necessary.

Let L € R¥*" k < nand 6 > 0. Then the quadratically constrained formulation
of the Regularized Total Least Squares (RTLS) problem reads:

Find AAc R™" Ab e R™and x € R"” such that

AA, Ab]||2 = min!  subject to (A+ AA)x = b+ Ab, ||Lx|? < 62
F
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Regularized Total Least Squares

If Aand [A, b] are ill-conditioned, regularization is necessary.

Let L € R¥*" k < nand 6 > 0. Then the quadratically constrained formulation
of the Regularized Total Least Squares (RTLS) problem reads:

Find AAc R™" Ab e R™and x € R"” such that

AA, Ab]||2 = min!  subject to (A+ AA)x = b+ Ab, ||Lx|? < 62
F

Lemma (Beck, Ben-Tal 2006)

Let K be an orthonormal basis of ker(L). If omin([AK, b]) < omin(AK) holds,
a solution of the RTLS problem exists.
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Regularized Total Least Squares

If Aand [A, b] are ill-conditioned, regularization is necessary.

Let L € R¥*" k < nand 6 > 0. Then the quadratically constrained formulation
of the Regularized Total Least Squares (RTLS) problem reads:

Find AAc R™" Ab e R™and x € R"” such that

AA, Ab]||2 = min!  subject to (A+ AA)x = b+ Ab, ||Lx|? = 5°.
F

Lemma (Beck, Ben-Tal 2006)

Let K be an orthonormal basis of ker(L). If omin([AK, b]) < omin(AK) holds,
a solution of the RTLS problem exists.
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Regularized Total Least Squares

If Aand [A, b] are ill-conditioned, regularization is necessary.

Let L € R¥*" k < nand 6 > 0. Then the quadratically constrained formulation
of the Regularized Total Least Squares (RTLS) problem reads:

Find AAc R™" Ab e R™and x € R"” such that

AA, Ab]||2 = min!  subject to (A+ AA)x = b+ Ab, ||Lx|? = 5°.
F

Lemma (Beck, Ben-Tal 2006)

Let K be an orthonormal basis of ker(L). If omin([AK, b]) < omin(AK) holds,
a solution of the RTLS problem exists.

In general there does not exist a closed form solution xgr s of the RTLS
problem.
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Solving RTLS problems
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Solving RTLS problems

First Order Conditions; Golub, Hansen, O’Leary 1999

Assume xgr7.s exists and constraint is active, then (RTLS) is equivalent to

_ lIAx— b2

f(x) == THHE min! subjectto ||Lx|? = §2.
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Solving RTLS problems

First Order Conditions; Golub, Hansen, O’Leary 1999

Assume xgr7.s exists and constraint is active, then (RTLS) is equivalent to

IAx — b]|?

W = m"’]I SubjeCt tO ||LX||2 = 52.

f(x) :=

First-order optimality conditions are equivalent to

(ATA4+ N1+ M\ LTL)x ATb,
p>0, |Lx® = &

with

_IAx—b]?
T+ [Ix2

_ bT(b— Ax) + )\,

A p—
: 2(1+x]2)

A= (1 + 17,
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Two lterative Algorithms

Two approaches for solving the first order conditions

(ATA + () + /\L(x)LTL> x=ATb (+)
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Two lterative Algorithms

Two approaches for solving the first order conditions

(ATA + () + /\L(x)LTL) x=ATb (+)

Idea of Sima, Van Huffel, Golub [2004]:

@ lterative algorithm based on updating A,

o With fixed A, reformulate (x) into QEP

o Determine rightmost eigenvalue, i.e. the free parameter A\,
@ Use corresponding eigenvector to update ),
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Two lterative Algorithms

Two approaches for solving the first order conditions

(ATA + () + /\L(x)LTL) x=ATb (+)

Idea of Sima, Van Huffel, Golub [2004]:
@ lterative algorithm based on updating A,
o With fixed A, reformulate (x) into QEP
o Determine rightmost eigenvalue, i.e. the free parameter A\,
@ Use corresponding eigenvector to update ),

Idea of Renaut, Guo [2005] is the other way round:
@ lterative algorithm based on updating A,
@ With fixed A, reformulate (x) into linear EVP
@ Determine smallest eigenvalue, i.e. the free parameter A,
@ Use corresponding eigenvector to update A\,
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

A quadratic eigenproblem

For m=0,1,... until convergence
Find rightmost X € R and x such that

(ATA— f(xX™Nx + ALTLx = ATh, ||Lx|2 =% (%)
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

A quadratic eigenproblem

For m=0,1,... until convergence
Find rightmost X € R and x such that

(ATA— f(xX™Nx + ALTLx = ATh, ||Lx|2 =% (%)

If Lis square and nonsingular: Let z := Lx. Then

Wz4+ z:=L TATA—f(x"NL ' z4+ X z=L"TATb=:h, 2"z = 62
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

A quadratic eigenproblem

For m=0,1,... until convergence
Find rightmost X € R and x such that

(ATA— f(xX™Nx + ALTLx = ATh, ||Lx|2 =% (%)

If Lis square and nonsingular: Let z := Lx. Then
Wz4+ z:=L TATA—f(x"NL ' z4+ X z=L"TATb=:h, 2"z = 62

u=W+A)2h = hu=zz=6 = h=52hh"u
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

A quadratic eigenproblem

For m=0,1,... until convergence
Find rightmost X € R and x such that

(ATA— f(xX™Nx + ALTLx = ATh, ||Lx|2 =% (%)
If Lis square and nonsingular: Let z := Lx. Then
Wz4+ z:=L TATA—f(x"NL ' z4+ X z=L"TATb=:h, 2"z = 62

u=W+A)2h = hu=zz=6 = h=52hh"u

(W + M)?u—5"2hh"u =0.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

A quadratic eigenproblem

For m=0,1,... until convergence
Find rightmost X € R and x such that

(ATA— f(xX™Nx + ALTLx = ATh, ||Lx|2 =% (%)

If Lis square and nonsingular: Let z := Lx. Then

Wz4+ z:=L TATA—f(x"NL ' z4+ X z=L"TATb=:h, 2"z = 62

u=W+A)2h = hu=zz=6 = h=52hh"u

(W + M)?u—5"2hh"u =0.
If X is the right-most real eigenvalue, and the corresponding eigenvector is
scaled such that h™u = §° then the solution of problem (x) is recovered as
x =L (W+ Mu.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

A quadratic eigenproblem ct.

If L € R**" with linearly independent rows and k < n, the first order conditions
can be reduced to a quadratic eigenproblem

(Wi + A)?u — 6 2hphlu = 0.
where
Wy, = (c — f(X™D — S(T — F(X™)Ip_y) " sT)
hm = g—D(T—f(x™l_x) 'c

with C, D € RF*k | § ¢ Rkxn—k T c Rr—kxn—k gc Rk ccR"% and C,D, T
are symmetric matrices.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Nonlinear maxmin characterization

Let T(\) € C™", T(\) = T(A\)H, A € J C R an open interval (maybe
unbounded).
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Nonlinear maxmin characterization

Let T(\) € C™", T(\) = T(A\)H, A € J C R an open interval (maybe
unbounded).

For every fixed x € C", x # 0 assume that the real function
f(5x) - J— R, f(A;x) :=x"T(\)x
is continuous, and that the real equation
f(A,x)=0

has at most one solution A =: p(x) in J.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Nonlinear maxmin characterization

Let T(\) € C™", T(\) = T(A\)H, A € J C R an open interval (maybe
unbounded).

For every fixed x € C", x # 0 assume that the real function
f(5x) - J— R, f(A;x) :=x"T(\)x
is continuous, and that the real equation
f(A,x)=0
has at most one solution A =: p(x) in J.

Then equation f(\, x) = 0 implicitly defines a functional p on some subset D
of C" which we call the Rayleigh functional.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Nonlinear maxmin characterization

Let T(\) € C™", T(\) = T(A\)H, A € J C R an open interval (maybe
unbounded).

For every fixed x € C", x # 0 assume that the real function
f(5x) - J— R, f(A;x) :=x"T(\)x
is continuous, and that the real equation
f(A,x)=0
has at most one solution A =: p(x) in J.

Then equation f(\, x) = 0 implicitly defines a functional p on some subset D
of C" which we call the Rayleigh functional.

Assume that
(A=p(x)f(A,x) >0 forevery x € D, X\ # p(x).
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

maxmin characterization (V., Werner 1982)

Let sup,p p(v) € J and assume that there exists a subspace V  C" of
dimension ¢ such that

VNnD#0 and Vewwp(v)eJ.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

maxmin characterization (V., Werner 1982)

Let sup,p p(v) € J and assume that there exists a subspace V  C" of
dimension ¢ such that

VNnD#0 and Vewwp(v)eJ.

@ Then T(\)x = 0 has at least ¢ eigenvalues in J, and for j =1,..., ¢ the
J-largest eigenvalue \; can be characterized by

A= ma inf V). 1
7 dim v, VD0 ve VD p(v) (1)
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

maxmin characterization (V., Werner 1982)

Let sup,p p(v) € J and assume that there exists a subspace V  C" of
dimension ¢ such that

VNnD#0 and VQDLDp(v)eJ.

@ Then T(A)x = 0 has at least ¢ eigenvalues in J, and forj = 1,..., ¢ the
J-largest eigenvalue \; can be characterized by
A= inf . 1
77 dim vg,a\)/(moye@ vevro P v) (1)
@ Forj=1,... ¢ every j dimensional subspace V c C" with
VnD#0 and )= inf p(v)
veVnD

is contained in D U {0}, and the maxmin characterization of \; can be
replaced by
A= max min  p(v).
dim V=j, V\{0}cD veV\{0}
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Back to

T\)x = (W+X)2-62hh")x=0  (QEP)
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Back to

T\)x = (W+X)2-62hh")x=0  (QEP)

fO, x) = xHT(\)x = X2||x|)% + 22x" Wx + | Wx |2 — [x"h[2/6%, x #0
is a parabola which attains its minimum at

xHWx

A= — .
xHx
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Back to

T\)x = (W+X)2-62hh")x=0  (QEP)

fO, x) = xHT(\)x = X2||x|)% + 22x" Wx + | Wx |2 — [x"h[2/6%, x #0
is a parabola which attains its minimum at

xHWx

A=— .
xHx

Let J = (—Amin, 00) Where A, is the minimum eigenvalue of W. Then

f(A\, x) = 0 has at most one solution p(x) € J for every x # 0. Hence, the
Rayleigh functional p of (QEP) corresponding to J is defined, and the general
conditions are satisfied.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Characterization of maximal real eigenvalue

Let Viin be the eigenspace of W corresponding to Amin. Then for every
Xmin € Vmin

f(—Amin, Xmin) = Xn’;lin(W - )‘min)zxmin - |an;linh|2/‘52 = _|Xn’:|Iinh|2/52 <0
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Characterization of maximal real eigenvalue

Let Viin be the eigenspace of W corresponding to Amin. Then for every
Xmin € Vmin

F(—Amins Ximin) = Xin(W = Amin)? Xenin — | Xginh[? /0% = =[x h|? /6% < O
Hence, if x/%..h = 0 for some Xmin € Vimin, then Xmin € D.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Characterization of maximal real eigenvalue

Let Viin be the eigenspace of W corresponding to Amin. Then for every
Xmin € Vmin

f(—Amin, Xmin) = Xrl:in(W - )‘min)zxmin - |XnI;Iinh|2/(52 = _|Xr’r-1linh|2/52 <0

if xH
Hence, if x/;,

If h L Vqin, and if the minimum eigenvalue pmin of T(—Amin) is negative, then
for the corresponding eigenvector yp;, it holds

f(_>\min7 Ymin) = yrlr-{in T(_)\min)}/min = Mmin“ymin”2 < 07
and Ymin € D.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Characterization of maximal real eigenvalue

Let Viin be the eigenspace of W corresponding to Amin. Then for every
Xmin € Vmin

f(—Amin, Xmin) = Xrl:in(W - )‘min)zxmin - |an-1linh|2/(52 = _|Xr’r-1linh|2/62 <0

Hence, if x!!._h # 0 for some Xmin € Vinin, then xmin € D.

If h L Vqin, and if the minimum eigenvalue pmin of T(—Amin) is negative, then
for the corresponding eigenvector yp;, it holds

f(—Amin, Ymin) = Yiin T(—Amin)Ymin = Kmin|[Ymin||? < O,
and ymin € D.
If h L Viin, @and T(—MAmin) is positive semi-definite, then
(= Amin; X) = X" T(=Amin)x > 0 for every x # 0,
and D = 0.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Characterization of maximal real eigenvalue ct.

Assume that D # (). For x"’h = 0 it holds that
fOLX) = [[(W+ XM)x|> >0 forevery A e J,

i.e.x ¢ D.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Characterization of maximal real eigenvalue ct.

Assume that D # (). For x"’h = 0 it holds that

fOLX) = [[(W+ XM)x|> >0 forevery A e J,
i.e.x ¢ D.

Hence, D does not contain a two-dimensional subspace of C”, and therefore
J contains at most one eigenvalue of (QEP).
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Characterization of maximal real eigenvalue ct.

Assume that D # (). For x"’h = 0 it holds that
f(, X) = (W4 AD)x||? >0 forevery \ € J,
i.e.x ¢ D.

Hence, D does not contain a two-dimensional subspace of C”, and therefore
J contains at most one eigenvalue of (QEP).

If A € Cis a non-real eigenvalue of (QEP) and x a corresponding eigenvector,
then

xHT(\)x = N2||x|12 + 2xx" Wx + || Wx||2 — |x"h[?/6% = 0.
Hence, the real part of A satisfies

real(\) = — X
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Theorem

Let Amin be the minimal eigenvalue of W, and Vi, be the corresponding
eigenspace.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Theorem

Let Amin be the minimal eigenvalue of W, and Vi, be the corresponding
eigenspace.

o If h L Viin and T(—Amin) is positive semi-definite, then X := —Amin is the
maximal real eigenvalue of (QEP).
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Theorem

Let Amin be the minimal eigenvalue of W, and Vi, be the corresponding
eigenspace.

o If h L Viin and T(—Amin) is positive semi-definite, then X := —Amin is the
maximal real eigenvalue of (QEP).

@ Otherwise, the maximal real eigenvalue is the unique eigenvalue X of
(QEP) in J = (—Amin, ), and it holds

A = max p(x).
xeD
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Theorem

Let Amin be the minimal eigenvalue of W, and Vi, be the corresponding
eigenspace.

o If h L Vinin and T(—Amn) is positive semi-definite, then A := — A\, is the
maximal real eigenvalue of (QEP).

@ Otherwise, the maximal real eigenvalue is the unique eigenvalue X of
(QEP) in J = (—Amin, ), and it holds

A = max p(x).
xeD

@ \is the right most eigenvalue of (QEP), i.e.

real(\) < —Amin < A for every eigenvalue X # X of (QEP).
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Example

shaw(2000): eigenvalues of (W-+ )>-hh'/s2)y=0

0.05 . . ‘ . . ‘ . .

0.04- o

+

0.031 4

0.02 +

5 001F i

2 +

% Of + + + + éf
S

> +

£ 001" e

-0.02 +

-0.03 e

b

-0.04 +

-0.05 1 1 L L 1 L 1
-450 -400 -350 -300 -250 -200 -150 -100 -50 0
real part
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Example: close up

shaw(2000): eigenvalues of (W-+ )>-hh'/s2)y=0

0.05 T T T
0.04 + b
+
0.031 * b
0.02 + B
T 001+ M 1
I~ +
§ Or + + ﬁ# © ® 4
? f'—»—
£ -001- . 1
-0.021 + B
-0.03F . .
+
-0.041 + 1
-0.05 L - :
-1 -05 0 05 1
real part
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Positivity of

Sima et al. claimed that the right-most eigenvalue problem is always positive.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Positivity of

Sima et al. claimed that the right-most eigenvalue problem is always positive.

Simplest counter—example: If W is positive definite with eigenvalue \; > 0,
then —); are the only eigenvalues of the quadratic eigenproblem

(W + A\)2x = 0, and if the term §—2hh" is small enough, then the quadratic
problem will have no positive eigenvalue, but the right—-most eigenvalue will be
negative.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Positivity of

Sima et al. claimed that the right-most eigenvalue problem is always positive.

Simplest counter—example: If W is positive definite with eigenvalue \; > 0,
then —); are the only eigenvalues of the quadratic eigenproblem

(W + A\)2x = 0, and if the term §—2hh" is small enough, then the quadratic
problem will have no positive eigenvalue, but the right—-most eigenvalue will be
negative.

However, in quadratic eigenproblems occurring in regularized total least
squares problems ¢ and h are not arbitrary, but regularization only makes
sense if § < ||Lxr]| where x5 denotes the solution of the total least squares
problem without regularization.

The following theorem characterizes the case that the right—-most eigenvalue
is negative.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Positivity of \ ct.

Theorem .
The maximal real eigenvalue A of the quadratic problem

(W +M)?x —572hh"x =0
is negative if and only if W is positive definite and

IW-h|| < 5.

Heinrich Voss RTLS

UC Davis, Oct. 8, 2009
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Positivity of \ ct.

Theorem .
The maximal real eigenvalue A of the quadratic problem

(W +M)?x —572hh"x =0
is negative if and only if W is positive definite and

IW-h|| < 5.

For the quadratic eigenproblem occuring in regularized total least squares it
holds that

IW="hi| = IL(ATA — f(x)1) " ATb]|.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Positivity of \ ct.

Theorem .
The maximal real eigenvalue A of the quadratic problem

(W +M)?x —572hh"x =0
is negative if and only if W is positive definite and

IW-h|| < 5.

For the quadratic eigenproblem occuring in regularized total least squares it
holds that
W= hl| = [IL(ATA— f(x))) "' AT b]|.

For the standard case L = / the right-most eigenvalue ) is always nonnegative
if 5 < [l xrs|.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Convergence

Theorem
Any limit point x* of the sequence {x™} constructed by RTLSQEP is a global

minimizer of
_ IAx—b|P

f(X) = W SubjeCt to ||LX||2 = 52.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Convergence

Theorem

Any limit point x* of the sequence {x™} constructed by RTLSQEP is a global
minimizer of
_ Ax— b

f(X) = W SubjeCt to ||LX||2 = 52.

Remark Sima et al. proved that every limit point (x*, \*) solves the first order
conditions
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Quadratic eigenproblem

The quadratic eigenproblems
1
Tn(N)z = (Wi + A2z — ﬁhmh;,z =0

can be solved by

@ linearization

o Krylov subspace method for QEP (Li & Ye 2003)

@ SOAR (Bai & Su 2005)

@ nonlinear Arnoldi method (Meerbergen 2001, V. 2003)

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 23/61



Solving RTLS problems Approach of Sima, Van Huffel, Golub

Nonlinear Arnoldi Method

Algorithm 1 Nonlinear Arnoldi

1:

n

Start with initial basis V, VTV = |
Determine preconditioner M =~ T(c)~", o close to wanted eigenvalue

3: Find rightmost/smallest eigenvalue X of VT Tx(\)Vy = 0 and

corresponding eigenvector y
Setu= Vy, r=Ti(Nu
while ||r||/||u]] > ¢ do
v=Mr
v=v—-WTy
v=v/|v[,V=[V,V]
Find rightmost/smallest eigenvalue X of V7 Tx(\)Vy = 0 and
corresponding eigenvector y
Setu= Vy,r=T¢Nu

: end while

Heinrich Voss RTLS UC Davis, Oct. 8, 2009
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Reuse of information

The convergence of W, and h,, suggests to reuse information from the
previous iterations when solving Tp,(A\)z = 0.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Reuse of information

The convergence of W, and h,, suggests to reuse information from the
previous iterations when solving Tp,(A\)z = 0.

Krylov subspace methods for T,(A\)z = 0 can be started with the solution
z™"of Tp_1(\)z=0.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Reuse of information

The convergence of W, and h,, suggests to reuse information from the
previous iterations when solving Tp,(A\)z = 0.

Krylov subspace methods for T,(A\)z = 0 can be started with the solution
z™"of Tp_1(\)z=0.

The nonlinear Arnoldi method can use thick starts, i.e. the projection method
for
Tn(M)z=0

can be initialized by V,_y where z"~' = V,,,_1{i, and & is an eigenvector of
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Thick and early updates

Wn = C—f(x™D—S(T—f(x™)l,_x)~'ST
hm = g—D(T—f(x™l_x) 'c

with C, D € Rk*k S ¢ Rkxn—k T ¢ Rn—kxn—k g c RK ¢ c Rk,
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Thick and early updates

Wn = C—f(x™D—S(T—f(x™)l,_x)~'ST
hm = g—D(T—f(x™l_x) 'c

with C, D € Rk*k S ¢ Rkxn—k T ¢ Rn—kxn—k g c RK ¢ c Rk,
Hence, in order to update the projected problem
1
VT(Winyt + M2V — 5 VT hmethl VU =0

one has to keep only CV, DV, STV, and g’ V.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Thick and early updates

Wn = C—f(x™D—S(T—f(x™)l,_x)~'ST
hm = g—D(T—f(x™)l_x)""c

with C, D € RF*k S e Rkxn—k T ¢ Rr—kxn—k g c RK ¢ e Rk,
Hence, in order to update the projected problem
1

VT(Winyt + M2V — 5 VT hmethl VU =0
one has to keep only CV, DV, STV, and g’ V.
Since it is inexpensive to obtain updates of W, and h,, we decided to
terminate the inner iteration long before convergence, namely if the residual of
the quadratic eigenvalue was reduced by at least 10~2. This reduced the

computing time further.
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Solving RTLS problems Approach of Sima, Van Huffel, Golub

Example: shaw(2000); Li & Ye

shaw(2000) - convergence history of Li & Ye method
10 T T T T T

-2

4

residual norm
=
o
T

-6

-8

10 | | | | |
0 10 20 30 40 50 60

inner iterations
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Solving RTLS problems

shaw(2000); Early updates

residual norm

-2

10

-4

10

10

-8

10

Approach of Sima, Van Huffel, Golub

shaw(2000) - convergence history NL-Arnoldi early termination

6 8
inner iterations

RTLS

UC Davis, Oct. 8, 2009
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Solving RTLS problems Approach of Renaut and Guo

Necessary Condition: Guo, Renaut 2002

The RTLS solution x satisfies the linear eigenvalue problem

o (21 ()

where
B0 = (BTG a0 (5 %)
/\/ = —f(X)
A= —51—2(bT(Ax—b)—)\,)
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Solving RTLS problems Approach of Renaut and Guo

Necessary Condition: Guo, Renaut 2002

The RTLS solution x satisfies the linear eigenvalue problem

o (21 ()

B = e () %)

where

)\/ = —f(X)
A= —51—2(bT(Ax—b)—)\,)

Conversely, if (— A, <_X1) ) is an eigenpair of B(X), and

AL(X) = — % (b7 (A% — b) + (X)), then X satisfies the necessary conditions,
and the eigenvalue is given by A = —f(X).
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Solving RTLS problems Approach of Renaut and Guo

Approach of Renaut, Guo 2005

Determine 6 € R, such that the eigenvector (x], —1)" of
T
Bo) = basl o (50 %)

corresponding to the smallest eigenvalue satisfies the constraint ||Lxp||2 = 62,
i.e. find a nonnegative root § of the real function

L2 — 62
) = ———.
90) = T e

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 30/61



Solving RTLS problems Approach of Renaut and Guo

Approach of Renaut, Guo 2005

Determine 6 € R, such that the eigenvector (x], —1)" of

;
Bo) = basl o (50 %)
corresponding to the smallest eigenvalue satisfies the constraint ||Lxp||2 = 62,

i.e. find a nonnegative root § of the real function

L2 — 82
) = ———.
90) = T

Renaut and Guo claim that (under the conditions b” A # 0 and

N(A)NN(L) = {0}) the smallest eigenvalue of B(#) is simple, and that (under
the further condition that the matrix [A, b] has full rank) g is continuous and
strictly monotonically decreasing.
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Solving RTLS problems Approach of Renaut and Guo

Approach of Renaut, Guo 2005

Determine 6 € R, such that the eigenvector (x], —1)" of

%) ©

B(9) := [A,b]T[A, b] + 6 (
corresponding to the smallest eigenvalue satisfies the constraint ||Lxp||2 = 62,
i.e. find a nonnegative root § of the real function

L2 — 82
) = ———.
90) = T

Renaut and Guo claim that (under the conditions b” A # 0 and

N(A)NN(L) = {0}) the smallest eigenvalue of B(#) is simple, and that (under
the further condition that the matrix [A, b] has full rank) g is continuous and
strictly monotonically decreasing.

Hence, g(¢) = 0 has a unique root ¢y, and the corresponding eigenvector
(scaled appropriately) yields the solution of the RTLS problem.
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Solving RTLS problems Approach of Renaut and Guo

Approach of Renaut, Guo ct.

Unfortunately these assertions are not true. The last component of an
eigenvector corresponding to the smallest eigenvalue need not be different
from zero, and then g is not defined.
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Solving RTLS problems Approach of Renaut and Guo

Approach of Renaut, Guo ct.

Unfortunately these assertions are not true. The last component of an
eigenvector corresponding to the smallest eigenvalue need not be different

from zero, and then g is not defined.

Example: Let

10 1
A:(O 1),b:(0),L:<\é§ ?),5:1.
0 0 NG
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Solving RTLS problems Approach of Renaut and Guo

Approach of Renaut, Guo ct.

Unfortunately these assertions are not true. The last component of an
eigenvector corresponding to the smallest eigenvalue need not be different
from zero, and then g is not defined.

Example: Let

10 1
A:(O 1),b:(o),L:<\{)§ ?),5:1.
0 0 NG

Then the conditions [A, b| has full rank’, ’b" A = (1,0) # 0’ and
'N(A)NN(L) = {0} are satisfied,

1420 0 1
Boy=( o 1+0 o0 |,
1 0 4-9

and the smallest eigenvalue Anin(B(0.5)) = 1.5 and Amin(B(1)) = 2 have
multiplicity 2, and for 6 € (0.5, 1) the last component of the eigenvector
¥o = (0,1,0)7 corresponding to the smallest eigenvalue A\yin(B(6)) = 1+ 0 is

equal to zero.
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Solving RTLS problems Approach of Renaut and Guo

Example 1

05 1

RTLS

1.5
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Solving RTLS problems Approach of Renaut and Guo

Modified definition of g

Let £(0) denote the eigenspace of B(¢) corresponding to its smallest
: L"L 0
eigenvalue, and let N := 0 )

Then TN
YNy

0) := min 1

9 yee®) yTy 0

is the minimal eigenvalue of the projection of N to £(6)
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Generalized g

Solving RTLS problems Approach of Renaut and Guo

05r

Heinrich Voss

05 1

RTLS

1.5

UC Davis, Oct. 8, 2009
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Solving RTLS problems Approach of Renaut and Guo

Generalized g

05 1 15
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Solving RTLS problems Approach of Renaut and Guo

Properties of g

Assume omin([AF, b]) < omin(AF) holds, where the columns of F ¢ R™"—k
form an orthonormal basis of the null space of L.
Then g : [0,00) — R has the following properties:
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Solving RTLS problems Approach of Renaut and Guo

Properties of g

Assume omin([AF, b]) < omin(AF) holds, where the columns of F ¢ R™"—k
form an orthonormal basis of the null space of L.
Then g : [0,00) — R has the following properties:

(i) If Umin([Aa b]) < Umin(A) then g(O) >0
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Solving RTLS problems Approach of Renaut and Guo

Properties of g

Assume omin([AF, b]) < omin(AF) holds, where the columns of F ¢ R™"—k
form an orthonormal basis of the null space of L.
Then g : [0,00) — R has the following properties:

(i) If omin([A, b]) < omin(A) then g(0) > 0
(ii) limy—o g(0) = —62
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Solving RTLS problems Approach of Renaut and Guo

Properties of g

Assume omin([AF, b]) < omin(AF) holds, where the columns of F ¢ R™"—k
form an orthonormal basis of the null space of L.
Then g : [0,00) — R has the following properties:

(i) If Umin([Aa b]) < Umin(A) then g(O) >0

(i) limp_o 9(0) = —62
(iii) 1If the smallest eigenvalue of B(6y) is simple, then g is continuous at 6
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Solving RTLS problems Approach of Renaut and Guo

Properties of g

Assume omin([AF, b]) < omin(AF) holds, where the columns of F ¢ R™"—k
form an orthonormal basis of the null space of L.
Then g : [0,00) — R has the following properties:

(i) If Umin([Aa b]) < Umin(A) then g(O) >0

(i) limp_o 9(0) = —62
(iii) 1If the smallest eigenvalue of B(6y) is simple, then g is continuous at 6

(iv) g is monotonically not increasing on [0, co)
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Solving RTLS problems Approach of Renaut and Guo

Properties of g

Assume omin([AF, b]) < omin(AF) holds, where the columns of F ¢ R™"—k
form an orthonormal basis of the null space of L.
Then g : [0,00) — R has the following properties:

(i) If Umin([Aa b]) < Umin(A) then g(O) >0

(i) limp_o 9(0) = —62

(iii) 1If the smallest eigenvalue of B(6y) is simple, then g is continuous at 6
(iv) g is monotonically not increasing on [0, co)
)

(v) Let g() = 0 and let y € £(f) such that g(f) = y"Ny/||y||?. Then the last
component of y is different from 0.

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 36/61



Solving RTLS problems Approach of Renaut and Guo

Properties of g

Assume omin([AF, b]) < omin(AF) holds, where the columns of F ¢ R™"—k
form an orthonormal basis of the null space of L.
Then g : [0,00) — R has the following properties:

(i) If omin([A, B]) < omin(A) then g(0) > 0

(i) limg_ o g(8) = —62
(iii) 1If the smallest eigenvalue of B(6y) is simple, then g is continuous at 6
(iv) g is monotonically not increasing on [0, co)
)

(v) Let g() = 0 and let y € £(f) such that g(f) = y"Ny/||y||?. Then the last
component of y is different from 0.

(vi) g has at most one root.

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 36/61



Solving RTLS problems Approach of Renaut and Guo

Roots of g

If § is a positive root of g, then x := —y(1: n)/y(n+ 1) solves the RTLS
problem, where y denotes an eigenvector of B(6) corresponding to its
smallest eigenvalue.
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Solving RTLS problems Approach of Renaut and Guo

Roots of g

If § is a positive root of g, then x := —y(1: n)/y(n+ 1) solves the RTLS
problem, where y denotes an eigenvector of B(6) corresponding to its
smallest eigenvalue.

However, g is not necessarily continuous.

If the multiplicity of the smallest eigenvalue of B(6) is greater than 1 for some
6o, then g may have a jump discontinuity at 6y, and this may actually occur (cf.
Example where g is discontinuous for 6, = 0.5 and 6y = 1). Hence, the
question arises whether g may jump from a positive value to a negative one,
such that it has no positive root.
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Solving RTLS problems Approach of Renaut and Guo

Consider the standard case L = /, where omin([A, b]) < omin(A) and
82 < [|xmLs][.
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Solving RTLS problems Approach of Renaut and Guo

Theorem

Consider the standard case L = /, where omin([A, b]) < omin(A) and
82 < [|xmLs][.

Assume that the smallest eigenvalue of B(6y) is a multiple one for some 6 .
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Solving RTLS problems Approach of Renaut and Guo

Theorem

Consider the standard case L = /, where omin([A, b]) < omin(A) and
82 < [|xmLs][.

Assume that the smallest eigenvalue of B(6y) is a multiple one for some 6 .

Then it holds that
0¢&[,lim_g(9).g(f)]-
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Solving RTLS problems Approach of Renaut and Guo

General case

For general regularization matrices L it may happen, that g does not have
root, but it jumps below zero at some 6.
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Solving RTLS problems Approach of Renaut and Guo

General case

For general regularization matrices L it may happen, that g does not have
root, but it jumps below zero at some 6.

Example: Let

10 1
_ _ _ (V2 0\ . _
A_<8 (1)),b_(\(/)§),L_<0 1),5_\/5.

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 39/61



Solving RTLS problems Approach of Renaut and Guo

General case

For general regularization matrices L it may happen, that g does not have
root, but it jumps below zero at some 6.

Example: Let

10 1
_ _ _ (V2 0\ . _
A_(g (1)),b_(\(/)§),L_<0 1),5_\/5.

Then, 1 = omin(A) > min([A, b]) = 0.8986 holds, and the corresponding TLS
problem has the solution

Xns = (ATA~ 1) ATb = (S10%9)).

0

The constraint is active, because 62 = 3 < 53.9258 ~ ||Lx7.5]|3 holds, and
N(L) = {0}, so the RTLS problem is solvable.

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 39/61



Solving RTLS problems Approach of Renaut and Guo

General case

For general regularization matrices L it may happen, that g does not have
root, but it jumps below zero at some 6.

Example: Let

10 1
_ _ _ (V2 0\ . _
A_<8 (1)),b_(\(/)§),L_<0 1),5_\/5.

Then, 1 = omin(A) > min([A, b]) = 0.8986 holds, and the corresponding TLS
problem has the solution

Xns = (ATA~ 1) ATb = (S10%9)).

0

The constraint is active, because 62 = 3 < 53.9258 ~ ||Lx7.5]|3 holds, and
N(L) = {0}, so the RTLS problem is solvable.

The corresponding function g(6) has got two jumps, one at # = 0.25 and
another one at § = 1 which jumps below zero.

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 39/61



Solving RTLS problems Approach of Renaut and Guo

Jump below zero

Jump beneath zero

151 b

05r b

05 1 15
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Solving RTLS problems Approach of Renaut and Guo

Jump below zero

A jump discontinuity of g only appears if Amin(B(6o)) is a multiple eigenvalue
of B(@o)
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Solving RTLS problems Approach of Renaut and Guo

Jump below zero

A jump discontinuity of g only appears if Amin(B(6o)) is a multiple eigenvalue
of B(@o)

Hence, there exists v € £(fy) with vanishing last component, and clearly the
Rayleigh quotient Ry(v) of N at v is positive.
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Solving RTLS problems Approach of Renaut and Guo

Jump below zero

A jump discontinuity of g only appears if Amin(B(6o)) is a multiple eigenvalue
of B(@o)

Hence, there exists v € £(fy) with vanishing last component, and clearly the
Rayleigh quotient Ry(v) of N at v is positive.

Since g(6p) < 0, there exists some w € £(6p) with Ry(w) = g(6p) < 0 and
non vanishing last component.
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Solving RTLS problems Approach of Renaut and Guo

Jump below zero

A jump discontinuity of g only appears if Amin(B(6o)) is a multiple eigenvalue
of B(@o)

Hence, there exists v € £(fy) with vanishing last component, and clearly the
Rayleigh quotient Ry(v) of N at v is positive.

Since g(6p) < 0, there exists some w € £(6p) with Ry(w) = g(6p) < 0 and
non vanishing last component.

Hence, for some linear combination of v and w we have Ry(av + gw) =0,
and scaling the last component to -1 yields a solution of the RTLS problem
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Solving RTLS problems Approach of Renaut and Guo

Typical g

Typical behaviour of g

0.08 b

0.07 b

0.06 b

0.04 b

0.03 b

0.02 b

-0.01 I I I I I I
0 0.1 0.2 0.3 0.4 0.5 06 0.7
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Solving RTLS problems Approach of Renaut and Guo

Method of Renaut and Guo

Assuming that g is continuous and strictly monotonically decreasing Renaut
and Guo derived the following update

0
O+1 = Ok + 5—;9(910

for solving L2 5
X J—
90 = e+

where at step k, (x; ,—1)T is the eigenvector of B(6x) = M + kN
corresponding to Amin(B(0k)).

=0,
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Solving RTLS problems Approach of Renaut and Guo

Method of Renaut and Guo

Assuming that g is continuous and strictly monotonically decreasing Renaut
and Guo derived the following update

0
O+1 = Ok + 5—;9(9k)

for solving L2 5
X J—
90 = e+

where at step k, (x; ,—1)T is the eigenvector of B(6x) = M + kN
corresponding to Amin(B(0k)).

=0,

Additionally, back tracking was introduced to make the method converge, i.e.
the update was modified to

0
Ok1 = Ok + Ld—gg(ﬂk)

where ¢ € (0, 1] was reduced until the sign condition g(6x)g(6«+1) > 0 was

satisfied.
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Solving RTLS problems Approach of Renaut and Guo

RTLSEVP

Require: Initial guess 6y > 0
1: compute the smallest eigenvalue Amin(B(6o)), and the corresponding
eigenvector (x4, —1)"
2: compute g(6p), and set k = 1
3: while not converged do

4: =1
5. while sign condition not satisfied do
6: update 01
7 compute the smallest eigenvalue Am.n(B(9k+1 )), and the
corresponding eigenvector (xk ey -7
8: if 9(0x)9(0k+1) < 0 then
9: t=1/2
10: end if

11:  end while
12: end while
13: XRTLS = Xk+1
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Solving RTLS problems Approach of Renaut and Guo

Although in general the assumptions are not satisfied, the algorithm may be
applied to the modified function g since generically the smallest eigenvalue of
B(0) is simple and solutions of the RTLS problem correspond to the root of g.

However, the method as suggested by Renaut and Guo suffers two
drawbacks:
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Solving RTLS problems Approach of Renaut and Guo

Although in general the assumptions are not satisfied, the algorithm may be
applied to the modified function g since generically the smallest eigenvalue of
B(0) is simple and solutions of the RTLS problem correspond to the root of g.
However, the method as suggested by Renaut and Guo suffers two
drawbacks:

The suggested eigensolver in line 7 of algorithm for finding the smallest
eigenpair of B(6k.1) is the Rayleigh quotient iteration. Due to the required LU
factorizations in each step this method is very costly. An approach like this
does not turn to account the fact that the matrices B(6x) converge as 0y
approaches the root § of g. We suggest a method which takes advantage of
information acquired in previous iteration steps by thick starts.
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Solving RTLS problems

Although in general the assumptions are not satisfied, the algorithm may be
applied to the modified function g since generically the smallest eigenvalue of
B(0) is simple and solutions of the RTLS problem correspond to the root of g.
However, the method as suggested by Renaut and Guo suffers two
drawbacks:

The suggested eigensolver in line 7 of algorithm for finding the smallest
eigenpair of B(0x. 1) is the Rayleigh quotient iteration. Due to the required LU
factorizations in each step this method is very costly. An approach like this
does not turn to account the fact that the matrices B(6y) converge as 0y
approaches the root 6 of g. We suggest a method which takes advantage of
information acquired in previous iteration steps by thick starts.

Secondly, the safeguarding by back tracking hampers the convergence of the

method considerably. We propose to replace it by an algorithm which
encloses the root in bounds and utilizes the asymptotic behaviour of g.
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Solving RTLS problems Approach of Renaut and Guo

Typical g~

Inverse of typical g

0.6+ b

0.5+ b

0.4r b

0.3r b

0.2r b

1 1 1 1
0 0.02 0.04 0.06 0.08 0.1
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Solving RTLS problems Approach of Renaut and Guo

Root finding

Given three pairs (6}, 9(9;)), j = 1,2, 3 with
01 <62 <03 and g(f1) >0>g(f3) (x)
we determine the rational interpolation

) = 29

and p is chosen such that h(g(6;)) = 0;, j =1,2,3.

where p is a ploynomial of degree 2,
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Solving RTLS problems Approach of Renaut and Guo

Root finding

Given three pairs (6}, 9(9;)), j = 1,2, 3 with
01 <62 <03 and g(f1) >0>g(f3) (x)
we determine the rational interpolation

_ p()
h(’}/) - 7+ 627
and p is chosen such that h(g(6;)) = 0;, j =1,2,3.
If g is strictly monotonically decreasing in [01, 85] then this is a rational
interpolation of g~ : [g(63), 9(61)] — R.

where p is a ploynomial of degree 2,

Heinrich Voss RTLS UC Davis, Oct. 8, 2009

47/61



Solving RTLS problems Approach of Renaut and Guo

Root finding

Given three pairs (6}, 9(9;)), j = 1,2, 3 with
01 <62 <03 and g(f1) >0>g(f3) (x)
we determine the rational interpolation
h(~) = %, where p is a ploynomial of degree 2,
and p is chosen such that h(g(6;)) = 0;, j =1,2,3.
If g is strictly monotonically decreasing in [01, 85] then this is a rational
interpolation of g~ : [g(63), 9(61)] — R.

As our next iterate we choose 64 = h(0). In exact arithmetic 4 € (61, 03), and
we replace 6 or 63 by 64 such that the new triple satisfies (*).
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Solving RTLS problems Approach of Renaut and Guo

Root finding

Given three pairs (6}, 9(9;)), j = 1,2, 3 with
01 <62 <03 and g(f1) >0>g(f3) (x)
we determine the rational interpolation
p()

h(v) = —=%
and p is chosen such that h(g(6;)) = 0;, j =1,2,3.
If g is strictly monotonically decreasing in [01, 85] then this is a rational
interpolation of g~ : [g(63), 9(61)] — R.
As our next iterate we choose 64 = h(0). In exact arithmetic 4 € (61, 03), and
we replace 6 or 63 by 64 such that the new triple satisfies (*).
It may happen that due to nonexistence of the inverse g~ " on[g(63),9(61)] or
due to rounding errors very close to the root 6, 6, is not contained in the
interval (61,63). In this case we perform a bisection step such that the interval
definitely still contains the root.

where p is a ploynomial of degree 2,
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Solving RTLS problems Approach of Renaut and Guo

Root finding

Given three pairs (6}, 9(9;)), j = 1,2, 3 with
01 <62 <03 and g(f1) >0>g(f3) (x)
we determine the rational interpolation

p()

h(’Y) - 7+ 527
and p is chosen such that h(g(6;)) = 0;, j =1,2,3.
If g is strictly monotonically decreasing in [01, 63] then this is a rational
interpolation of g~ : [g(63), 9(61)] — R.
As our next iterate we choose 64 = h(0). In exact arithmetic 4 € (61, 03), and
we replace 6 or 63 by 64 such that the new triple satisfies (*).
It may happen that due to nonexistence of the inverse g~ on [g(63), g(61)] or
due to rounding errors very close to the root 8, 6, is not contained in the
interval (61,63). In this case we perform a bisection step such that the interval
definitely still contains the root.

If a discontinuity at or close to the root is encountered, then a very small
e = 03 — 61 appears with relatively large g(81) — g(83). In this case we

terminate the iteration and determine the solution as described before.
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Solving RTLS problems Approach of Renaut and Guo

Solving sequence of eigenproblems

To evaluate g one has to solve an eigenproblem
B(bk)y = (M+6kN)y = Ay

LTL 0)

with M = [A, b]T[A,b] and N = ( 0 g2

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 48/61



Solving RTLS problems Approach of Renaut and Guo

Solving sequence of eigenproblems

To evaluate g one has to solve an eigenproblem
B(bk)y = (M+6kN)y = Ay

)
with M = [A, B]T[A, b] and N — (LOL _%2)

As for the sequence of quadratic eigenproblems in the approach of Sima,
Golub, Van Huffel this can be done with the Nonlinear Arnoldi method and
thick starts taking advantage of the information gathered in previous iteration
steps.
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Solving RTLS problems Approach of Renaut and Guo

umerical example

Numerical examples are obtained from Hansen'’s regularization tool box:
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Solving RTLS problems Approach of Renaut and Guo

Numerical example

Numerical examples are obtained from Hansen'’s regularization tool box:

We added white noise to the data of heat(1) with noise level 1% and 10%, and
chose L; to be an approximate first order derivative (marked ’a’) and a
nonsingular approximation (marked ’b’).

The following tabel contains the average CPU time for 100 test problems of
dimensions n = 1000, n = 2000, and n = 4000 (CPU: Pentium D, 3.4 GHz).
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Solving RTLS problems Approach of Renaut and Guo

Numerical example

Numerical examples are obtained from Hansen'’s regularization tool box:

We added white noise to the data of heat(1) with noise level 1% and 10%, and
chose L; to be an approximate first order derivative (marked ’a’) and a
nonsingular approximation (marked ’b’).

The following tabel contains the average CPU time for 100 test problems of
dimensions n = 1000, n = 2000, and n = 4000 (CPU: Pentium D, 3.4 GHz).

n|LYia | LY1ib | SO1a | SO1b | NLA1a | NLA 1b | NLA 2a
1% | 1000 | 0.53 | 0.47 0.52 0.63 0.35 0.36 0.19
2000 | 1.28 | 1.19 1.13 1.02 1.08 0.99 0.60
4000 | 494 | 4.68 4.37 3.78 4.21 3.88 2.65
10% | 1000 | 0.55 | 0.46 0.48 0.45 0.36 0.32 0.19
2000 | 1.37 | 1.18 1.19 0.99 1.07 0.98 0.61
4000 | 4.95 | 4.67 4.31 3.73 417 3.92 2.54
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Solving RTLS problems Approach of Renaut and Guo

Numerical example 2: tomo

‘tomo’ is a discretization of a Fredholm integral equation of the first kind with

2D domain. Ly = (Ing’

The following tabel contains the average CPU time for 100 test problems.

) is an approximation of the first order derivative.

n | Li&Ye 1a | SOAR 1a | NL Arn. 1a | NL Arn. 1b | NL Arn. 25
1% | 30x30 0.77 1.01 1.02 1.24 0.20
40x40 2.62 2.55 2.07 2.81 0.54
50x50 6.93 6.44 4.78 6.03 3.86
10% | 30x30 0.77 1.02 1.00 1.23 0.21
40x40 2.63 2.56 2.02 2.88 0.56
50x50 6.89 6.38 4.80 5.98 3.83
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Determining the regualrization parameter
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e Determining the regualrization parameter
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Determining the regualrization parameter

ve

Several methods are available for determining the regularization parameter o:
Discrepancy principle, Cross validation, Information Criteria, L-curve
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Determining the regualrization parameter
L-curve

Several methods are available for determining the regularization parameter o:
Discrepancy principle, Cross validation, Information Criteria, L-curve

Idea of the L-curve:
o Developed to balance ||Ax, — b||> and ||Lx,]||? in Tikhonov approach
|Ax — b||?> + A||Lx||? = miny
@ Works as well for ||Axs; — b||> = min, subjectto ||Lxs| <§
|Axs — bl?
T+ x50
@ Choose set of §;, i = 1,...¢ and solve one RTLS problem for each §;

@ Can be extended to f(x;) = =min, st ||Lxs]| <6
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Determining the regualrization parameter
L-curve

Several methods are available for determining the regularization parameter o:
Discrepancy principle, Cross validation, Information Criteria, L-curve

Idea of the L-curve:
o Developed to balance ||Ax, — b||> and ||Lx,]||? in Tikhonov approach
|Ax — b||?> + A||Lx||? = miny
@ Works as well for |Axs; — b||> = min, subjectto ||Lx;|| <&
|Axs — bl?
T+ x50
@ Choose set of §;, i = 1,...¢ and solve one RTLS problem for each §;

@ Can be extended to f(x;) = =min, st ||Lxs]| <6

Note, there is no discrete Picard condition for RTLS problems,
nor there exists a tool like GSVD to obtain L-curve analytically.

We simply try to balance the function value f(xs) and the size of the norm
IILx5||, which seems to work fine in most cases.

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 52/61



Determining the regualrization parameter
L-curve

@ Use Nonlinear Arnoldi to solve sequence of RTLS problems
@ This means solving a sequence of a sequence of QEPs or EVPs

@ Updating projected problems is trivial, because all stored matrices are
independent of parameter ¢;

@ Reusing search space V during sequence of sequence of eigenproblems
@ If search space grows too large, include restart strategy
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Determining the regualrization parameter
L-curve

@ Use Nonlinear Arnoldi to solve sequence of RTLS problems
@ This means solving a sequence of a sequence of QEPs or EVPs

@ Updating projected problems is trivial, because all stored matrices are
independent of parameter ¢;

@ Reusing search space V during sequence of sequence of eigenproblems
@ If search space grows too large, include restart strategy

Restart strategy:

o If dimension p < n of search space span(V) is reached, restart
Nonlinear Arnoldi by subspace of g < p eigenvectors corresponding to
rightmost/smallest eigenvalues of T()).

@ Values can be set in advance (e.g. p = 45, g = 5), nice for memory
allocation purposes

o Effect of restart: It purges out 'old’ information corresponding to values of
0 that highlight other parts of the problem
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Numerical Examples

Example 1 — RTLSQEP solves 20 RTLS problem
Problem: phillips(2000)

Convergence history: RTLSQEP — Lexact
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Figure: Convergence history of RTLSQEP for different ¢;

@ Restart performed if dimension of search space exeeds p = 45
@ With subspace corresponding to g = 5 rightmost eigenvalues
@ Each RTLS problem is solved by very few QEPs
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Example 1 - Lcurveof20 RTLS problem

® 6; = dye - (0,0001 ... 100), Syue = || LXruell, i = 1,...20

RTLSQEP - L-curve - Lexact

10"

=
S,

100= || Ax=b P/ (1 +[IXI°)

=
S

4 L L
10° 107 10°

10 . .
10° 10" 10° 107 10
]

Figure: L-curve of RTLSQEP

@ L-curve of RTLS looks similar to L-curve of RLS

@ 120 inner iterations for 20 RTLS problems (— 500 MatVecs)
@ 70 inner iterations for 20 RLS problems (— 280 MatVecs)

o Computation time 4, 2sec for RTLS, and 2, 4sec for RLS
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Numerical Examples
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@ Problem deriv2(2000), discretized Fredholm integral equation of first-kind

@ §j = e - (0,0001 ..

.20

= [|Lxpuell, i =1, ..

. 1 00), 6true

- Lexact

Convergence history: RTLSQEP

Figure: Convergence history of RTLSQEP for different ¢;

@ 90 inner iterations for 20 RTLS problems (— 360 MatVecs)
@ Computation time 3sec (resp. 2, 3sec for 20 RLS problems)
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Example 2 — RTLSQEP solves 20 RTLS problem

@ Problem deriv2(2000), discretized Fredholm integral equation of first-kind
o 6, - 6true . (0,0001 e 100)1 6true = ||LthUe||l i = 17' . 20

RTLSQEP - L-curve — Lexact

100= 1| Ax =B/ (L + [IXI°)

N,

10° 10° 107 10" 10° 10°

10° 10°
IEE]

Figure: L-curve of RTLSQEP

@ 90 inner iterations for 20 RTLS problems (— 360 MatVecs)
@ Computation time 3sec (resp. 2, 3sec for 20 RLS problems)
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Example 5 — Solution at corner of L

x107
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Figure: Solution curves for RLS and RTLS

@ Not much difference between RLS and RTLS approach
o Little difference between approaches with different regularization
matrices L and L

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 58 /61



Conclusions

Outline

e Conclusions

Heinrich Voss RTLS UC Davis, Oct. 8, 2009 59/61



Conclusions

@ RTLS problems can be solved efficiently by sequence of EVPs or QEPs
@ Nonlinear Arnoldi can reuse all previous information

@ Determine hyperparameter ¢ via L-curve

o Restart strategy necessary

o Computational complexity stays O(mn), if number of MatVecs smaller
than n
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