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PERRON-FROBENIUS THEORY FOR COMPLEX MATRICES

SIEGFRIED M. RUMP *

Abstract. The purpose of this paper is to present a unified Perron-Frobenius Theory for nonnegative, for real not
necessarily nonnegative and for general complex matrices. The sign-real spectral radius was introduced for general real
matrices. This quantity was shown to share certain properties with the Perron root of nonnegative matrices. In this paper we
introduce the sign-complex spectral radius. Again, this quantity extends many properties of the Perron root of nonnegative

matrices to general complex matrices. Various characterizations will be given, and many open problems remain.

1. Introduction. The key to the generalizations of Perron-Frobenius Theory to general real and to

complex matrices is the following nonlinear eigenvalue problem:
(1) max{|A| : |Az| = | x|, x # 0}.

Throughout the paper we use the notation that absolute value and comparison of vectors and matrices is
always to be understood componentwise. For example, for C € M, (C) and
Ae Mn(]R), |C| < A& |CZJ‘ < Aij for all ’L,]

For nonnegative matrices, we can in (1) clearly omit the absolute values and obtain the well known Perron

root (p denotes the spectral radius):

AeM,(IR), A>0: p(A) max{|\| : |[Az|= | z|, A€ C, 0#£z € C"}

2
2) max{0 < AeR: Az =Xz, 0 <z € R", = £0}.

For the extension to general real matrices, we purposely restrict attention to real eigenvalues (and

eigenvectors), that is we consider the quantity
(3) Ae M,(IR): max{|A|: |Az|= | z|, A€IR, 0#x € R"}.
This quantity was introduced and investigated as the sign-real spectral radius p§ (A4) in [20]. Over there we
used another equivalent definition.

For general complex matrices we consider the quantity
(4) Ae M,(C): max{|\|: |Az|=| x|, A€ C, 0#£z¢€ C"}.

This was introduced and investigated in our talk in Oberwolfach as the sign-complex spectral radius p* (A).

In the following we will change the notation of the three quantities (2), (3) and (4) into pB+, p™ and p® to

underline the similarities and to emphasize the extension of Perron-Frobenius Theory.

A real (complex) diagonal matrix S with diagonal entries of modulus one is called a real (complex)
signature matrix, respectively. Real (complex) signature matrices are the set of diagonal orthogonal
(unitary) matrices, which are in the real case the 2" matrices with diagonal entries +1. In our entrywise
notation of absolute value, real and complex signature matrices S are characterized by |S| = I, I denoting

the identity matrix.

For a real or complex vector z, that is € IK" for IK € {IR, C}, there is always a signature matrix
S € M, (IK) with Sz = |x|. If all entries of x are nonzero, S is unique. Hence, for our nonlinear eigenvalue
problem (1) there are signature matrices Sy and Sy with Sy Az = |Az| and Se Az = |Az|, such that

(5) |Az| = |Az| is equivalent to S;Ax = Sex.
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Note this is true in the real and in the complex case. Therefore the quantity in (3) is for A € M,,(IR) and
S = STS, the same as

max{|A|: SAzx =Xz, AeR, 0#xz€R", Se M,(R), |S|=1I},
and the quantity in (4) is for A € M,,(C) and S := S55; the same as
max{|A|: SAz =Xz, AeC,0#£z€C" SeM,(C), |S|=1I}

The difference is just the space of the involved quantities A\, x and S. And this unified view also extends to
the third quantity, the Perron root (2), because there is exactly one nonnegative real signature matrix,

namely the identity matrix, and the Perron vector and the Perron root are known to be nonnegative.
This leads us to the following unified definition of the three quantities (2), (3) and (4).

DEFINITION 1.1. For IK € {IR4,IR,C} and A € M, (IK),
pE(A) :=max{|\: SAzx =Xz, A€ K, 042z cIK", Sec M,(K), |S| =1},

where IRy := {z € IR : = > 0} denotes the set of nonnegative (real) numbers.

For A € M, (IR), an argument shows that the set on the right hand side is always nonempty (cf., for
example, [20, Lemma 2.2]). Note that p™ is only defined for A € M,,(IK). Especially, for nonnegative

matrices all three quantities are defined - and are all equal to the Perron root, that is
(6) P+ (A) = pB(A) = p©(A) = p(A) for nonnegative A.

In previous notation, p(A) = p (A) for real A and p®(A) = p*(A) for complex A, where pB+(A) = p(A)
for nonnegative A is the Perron root, equal to the (usual) spectral radius. We note that the index zero in
pS referred to Rohn’s definition of the real spectral radius of a real matrix [18], which is
po(A) := max{|\| : A real eigenvalue of A}, and py(A) := 0 if the spectrum of A is purely complex. It
easily follows that

p"(A) = max{po(SA): |S| =1},

the definition of p§’ (A) in [20].

Since p®[= pS] has been called the sign-real spectral radius, we call p® the sign-complex spectral radius.
We may use a second signature matrix in Definition 1.1 to restrict  and A to the nonnegative orthant. For
S1Ax = |Ax| and Sex = |z,

|Az| = |Az| is equivalent to S1AS;|x| = |A] |z,
so that for IK € {IR;,IR, C} and A € M, (IK),
(7) pIK(A) =max{0 <A eIR: S1ASx =Xz, 0<zecIR", 51,5 € M,,(IK), |S1| =|S2| =1I}.

The difference in the three definitions is now just the space of the signature matrices S and Ss.

Following, certain properties of the sign-complex spectral radius will be proved. In order to show the
similarities between the three quantities p™(A4), IK € {IR,, IR, C}, namely

the Perron root p™+(A) = p(A) for nonnegative matrices,
(8) the sign-real spectral radius p™(A) for general real matrices, and

the sign-complex spectral radius p®(A) for general complex matrices,

many of the following theorems will be formulated for all three quantities (8). Frequently, the property is
identical for all p™ and A € M,,(IK), underlining the unifying aspects.
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Most of such properties of the Perron root are well known, and most properties of the sign-real spectral
radius have been shown in [20], for some of them we give simpler proofs. We choose to repeat some of those

known results to collect and emphasize the similarities.

The outline of the paper is as follows. In Section 2 we list several basic properties and characterizations of
the three quantities (8). Following, certain lower and upper bounds depending on minors and cycle
products are given. This proves relations to the componentwise distance to the nearest singular matrix,
elaborated in Section 4. We show relations to the structured singular value, and in Section 6 we explore
ratios between the three quantities (8). In the concluding remarks in Section 7 we mention several open

problems.

2. Properties and characterizations. We start with some basic observations concerning the
sign-complex spectral radius. Throughout the paper quantities S, S1,S3 etc. are reserved for signature

matrices.

LEMMA 2.1. Let IK € {IR4,IR,C}, A € M, (IK), and let signature matrices S1,S2 € M, (1K), a
permutation matriz P, and a nonsingular diagonal matriz D € M, (IK) be given. Then

PR(A) = pR(S1AS,) = p (A7) = pM(PTAP) = p™ (D' AD),
PR(ad) = |a|p™(A) for a € IK.

For the Kronecker product @ and B € M,,(IK) we have p™(A)p™(B) < p™(A ® B). If the permutational
similarity transformation putting |A| into its irreducible normal form [9, Section 8.3] is applied to A, and

Ay, are the diagonal blocks, then
P (A) = max p™(A,))-
Especially, for lower or upper triangular A,
pE(A) = max | Asi-

Furthermore, p(A) = p™+(A) = p(A) = p©(A) for 0 < A € M,(IR).

Proof. The key is the maximization over all signature matrices in M, (IK) in Definition 1.1 or, equivalently,
in (7). Then observe S* = S~ so the eigenvalues of S1ASs, 5251 A and So* A*S1* are the same, and so are
the eigenvalues of SPT AP and PSPT A, where PSP is again a signature matrix. Furthermore, signature
matrices and diagonal matrices commute. The eigenvalues of (S14) ® (S2B) = (51 ® S2)(A ® B) are the
products of the eigenvalues of S; A and Sy B, and the rest follows easily. |

We mention that it was shown in [28] that F(A4) = PTD"'SAT)DP are the only linear invertible
operators preserving the sign-real spectral radius p™. For a real matrix A, the three quantities (8) are

always related by
(9) (A) < p(A) < pljA]) and p(A) < p¥(A) for A € My(R).

Note that p(A4) < pT(A) need not be true because p™(A) maximizes only real eigenvalues of SA, S| = I.
An example is the matrix defined in (29) for n > 3. The ratio between the quantities and p(|A|) is finite;

we come to that in Section 6. There is no immediate relation between p™(AB) and p™(BA). Consider

1 -1 11
A= ,B = with AB = (0), and BA = 24,
1 -1 1 1

such that p™(AB) = p(|AB|) = 0 and p™(BA) = p(|BA|) = 4 for IK € {IR, C}. Possible relations between
pC(Ao A), p€(A?) and p®(A)? will be investigated in Section 6. Moreover, all three quantities (8) depend
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continuously on the matrix components, a property which is not so obvious for the sign-real spectral radius
[20, Corollary 2.5].

For a first unified characterization of the three quantities (8) we prove the subsequent Theorem 2.4. For

the proof we use the following result by Doyle, for which he gave a surprisingly simple proof [5, Lemma 1].

LEMMA 2.2. (Doyle) For a multivariate polynomial P € Clz1,...,zy,] define
o := min{||z|| : P(z) = 0}.

Then there exists some u € C™ with P(u) =0 and |u;| = « for 1 <i <n.
We first show how every nontrivial vector implies a lower bound for our three quantities (8).

LEMMA 2.3. For K € {IR{,IR,C}, A € M,(IK) and = € IK" the following is true:

(10) |Az| > [rz| — p™(A) > |r].

Proof. For IK = IR this is a well known fact from Perron-Frobenius Theory [2], where, of course, the
absolute values may be omitted. For IK = IR it was proved in [20, Theorem 3.1]. Let IK = C. The
assumption implies Sy Az > Sorx for some |S1| = |S2| = I and therefore existence of D € M,,(C),|D| < I
with DAz = rx. Regarding det(rI — DA) as a complex polynomial in the n unknowns D,,,, Lemma 2.2
implies existence of diagonal D € M,,(C) with |D,,| = a < 1 for all v and det(r] — DA) = 0. If = 0 then
r =0 and (10) is true. Suppose o # 0. Then det('r] —a~LDA) = 0 with |o~1D| = I, a signature
matrix. Hence Definition 1.1 implies p©(A) > |a~r| > |r|. [ ]

Now we can give one of the nice similarities between the three quantities (8) in discussion by extending

(10) to a characterization of p™ .
THEOREM 2.4. For K € {IR;,IR,C} and A € M,,(IK) there holds
(Az);

X

11 K(A) = i
(11) p(A) = max min

Proof. Lemma 2.3 implies that the quantity on the right of (11) is a lower bound for p™(A). And by
Definition 1.1 there exists a signature matrix S € M,,(IK) with SAz = A\z,0 # z € IK" and |\| = p'(4),
henceforth |(’i—x)’| = p®(A) for all i with x; # 0. This proves the theorem. ]

To our knowledge, the result for IK = C was first proved, in a different context, by Doyle [5]. Later it was

communicated to the author by Bryan Cain [1] with a different proof.

In a certain sense, Theorem 2.4 reveals a philosophy behind our generalization of Perron-Frobenius Theory
to general real and complex matrices. In the classical theory, the nonnegative orthant is the generic one.
Accordingly, the Perron vector is nonnegative, or in Theorem 2.4 for IK = IR, the maximization is over

nonnegative vectors.

For the sign-real and sign-complex spectral radius we only know that there erists an orthant with a desired

property. This can be illustrated by rewriting Theorem 2.4 into

ASz);
p™(A) = max max min ( )l.
IS|I=I  0<z€IR"™ x;#0 x;
Se€ My (IK)

That means, in a certain sense, maximization is performed over all individual orthants. For IK = IR the
first max, of course, is superfluous: the ”orthant” is known in advance. For IK = IR one can calculate
p™(A) by maximizing over the finitely many orthants. For IK = C computation of p® is a continuous

maximization problem.
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Another example in this spirit is the following. In classical Perron-Frobenius Theory it is well known that

increasing an individual component of a nonnegative matrix cannot decrease the spectral radius. Increasing

means moving towards +oo, in the direction of the generic nonnegative orthant. For the sign-real spectral
radius the same is true in one direction, towards 400 or towards —oo, except that we do not know the

direction in advance. And the same is true in the complex case as stated in the following theorem.

THEOREM 2.5. Let e; denote the i-th column of the identity matrixz, and let
K € {IRy,IR,C} and A € M, (IK). Then fori,j € {1,...,n} the following is true:

(i) ForIK =R,
p(A+ aeiejT) > p(A) for all a > 0.
(19) For IK =1R, there exists s € {—1,+1} such that
PR (A + saeel) > pB(A)  for all a > 0.
(t4i) For IK = C, there exists a half space H in C such that
pP(A + teiejr) > p%(A) forallt € H.

Proof. Let |Ax| = |rx| with r = p™(A) and some 0 # = € IK”. Then all three assertions follow by Lemma
2.3 as follows. For IK = IRy it is « > 0 and a > 0 implies

(A+ aeie?)x > Ax = |Az| = |rz|.

Similarly, |(A + sae;e] x| > |Az| for some s € {—1,+1} in case IK = IR, and for IK = C we proceed the
same way. |

Upper bounds for p™ K € {IR,C} are generally difficult to compute because they imply lower bounds for
the componentwise distance to the nearest singular matrix of certain matrices. This will be elaborated in
Section 4. Some simple upper bounds on p™ are the following. For 1 < p < oo denote by || A|, the matrix

norm induced by the corresponding vector norm | - ||,

THEOREM 2.6. For IK € {IR4,IR,C} and A € M, (IK),

P (A) < JIAll, for  1<p<oo,
pB(A) =p(A) = ||All2  if IK=IR and A is symmetric or,
(12) if IK=0C and A is normal,
PR(A) =1 if IK=1IR and A is orthogonal or,
if IK=C and A is unitary.
pC(A) = pR(A) for Ae M,(IR) and n = 2.

Proof. By (7), S1ASsx = p™(A) - z for some 0 < x € IR", = # 0. Therefore
PIK(A) < 151450, < [1S1llp1Allp 152l = [|Alp-
For normal or unitary A we have
1All2 = p(4) < p(4) < [|All2.

The same argument can be used for real symmetric matrices because the eigenvalues are real. Real
orthogonal matrices have eigenvalues of absolute value 1. By possibly multiplying the first row by —1 we
can achieve det A = —1. Then the value of the characteristic polynomial at zero is —1, forcing existence of
a positive eigenvalue, which must be 1. For A € M,,(IR) and n = 2 either A is triangular, in which case
Lemma 2.1 implies p™(A) = max|A;;| or, there is a signature matrix S and diagonal D such that
B := D 1SAD is symmetric. For the (real) eigenvalue X of B of largest absolute value it follows
Al = p(B) = ||Bll2 = p™(B) = p®(B), and p™(B) = p™(A) by Lemma 2.1,

The first bound in (12) can be arbitrarily weak, as for

A= ( 8 (1) > with p™(A4) = 0 for all K € {IR,, IR, C}, but || Al = 1.
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However, in this case also p(]A|) = 0, and in Theorem 6.3 we show that this is due to an underlying general
fact.

Theorem 2.4 has a number of implications, again showing similarities between the three quantities (8) in
discussion. We use the notation A[u] for the k x k principal submatrix of A with rows and columns out of
the index set u = (u1,...,pux) C{1,...,n}.

THEOREM 2.7. The three quantities in (8) are monotone with respect to principal submatrices, i.e., for
K € {IR4,IR,C} and A € M,(IK),

P (Alu]) < p™(A).

Proof. For |A[u]z| = |rz| with p™(A[u]) = r and z € IK*, k = |u|, the inequality follows by augmenting
by zeros and application of (10). ]

Another characterization of the three quantities (8) is the following.

THEOREM 2.8. Let IK € {IR4,IR,C} and A € M, (IK) and 0 < r € IR. Then the following are equivalent.

(i) P (A) <r.
(i1) det(rl — DA) # 0 for every diagonal D € M(IK),|D| <1I.

Proof. (i) = (i1) Suppose det(rl — DA) = 0 for some |D| < I, D € M(IK) and let (r] — DA)x =0 for
0 # 2 € IK". Then |Az| > |DAx| = |rz|, and Lemma 2.3 implies p™(A) > |r| = r. (ii) = (i). Suppose
p™(A) =1" > r, then (7) implies S; ASyx = r'z for some Sy, Sy € M,,(IK), |S1| = |S2| = and 0 < x € IR™.
Then det(r'] — S1AS2) = 0 = det(r'] — S2514) = det(rI —r/r’ - S251A) = det(rl — DA) =0 with
|D| = |r/r"- S251] < I. ]

In [20, Theorem 2.3] it was shown for real A that
pR(A) <r & det(rl —SA) >0 forall |S| =1,

which is a finite characterization. For the next generalization recall that A € M, (IR) is called P-matrix
(Pp-matrix) if all minors of A are positive (nonnegative), and A € M,,(C) is called positive stable if every

eigenvalue of A has positive real part.

THEOREM 2.9. Let 0 <r € IR. Then
(i) For0<Ae M,(IR): p(A)<r & rl— Ais a P-matriz
& rl — A is positive stable.
(i9) For Ae M,(IR): pPR(A)<r & rI—SAisa P-matriz for all real |S| = 1.
(i4i) For A € M,(C): pC(A) <r & rl— SA is positive stable for all complex |S| = I.

Proof. (i) Follows by [10, Theorem 2.5.3] applied to the Z-matrix rI — A.
(#4) was shown in [20, Theorem 2.3].

(#ii) Suppose p®(A) < r and rI — SA not positive stable for some |S| = I. By r > 0 and continuity there
exists 0 < a < 1 with I — S A having a purely imaginary eigenvalue iy. Then
det((r —iy)I — aSA) =0 = det(a=*(r —iy)I — SA). By Definition 1.1,
p€(A) = p®(SA) > |a~t(r —iy)| > |r —iy| > r, a contradiction. If, on the other hand, rI — SA is positive
stable for all |S| =1, sois (r + a)I — SA for all @ > 0. Therefore,
det((r + a)I — S1ASs) = det((r + )l — S251A) # 0 for all |S;| =|Ss| = I and all a > 0, and (7) finishes
the proof. [ ]

Theorem 2.9 displays a difference in our three quantities (8). For nonnegative A, the structural properties
are strong enough for the above relation to class P (and therefore to class M) and to positive stability.
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This is no longer true for general real matrices. For

1 025 0
A= 0 1 0.25
-025 0 1

all minors of B := 1.1] — A are positive implying p™(A) < 1.1, but B is neither inverse positive nor
positive stable. In the next section we give another characterization involving P-matrices.

3. Bounds using determinants and cycles. For a lower and upper bound for the three quantities
(8) based on determinants we use the following definition.

DEFINITION 3.1. For real or complex A,
6(A) := max | det A[p]|*/ 1!,
n

where the mazimum is taken over all nonempty u C {1,...,n}.
With this we have the following two-sided bounds.

THEOREM 3.2. Define @, := (2%/" —1)~1. Then for IK € {IR;,IR,C} and A € M, (IK) we have

3(A) < p™(A) < pn - (A).

The left and right bounds are sharp in the sense that equality can be achieved for all n. It is v, < 1.45n.

Proof. For IK = IR this was shown in [20, Theorem 4.2], and for nonnegative A, p(A) = p™(A). For
K=C, pC{1,...,n} and X;(A4) denoting the eigenvalues of A,
pP(4) 2 p®(Alu) > p(Alu) = max [\i(ALu])| > | TIACAL])[Y/#! = | det A[p][/1#] proves the left
inequality. For the right inequality,

(13) det(zI — A)=z"+ Y (—1)"det A[u)z""% =: 2" + R(2)
[n|=k>1

(cf. [12, 2.15]). There are () minors det A[u] of size |u| = k, so that abbreviating ¢ := 6(A) implies

(1) RIS Y Jdeafdle < 3 (1) = (a0 -
lpl=k>1 k=1
For |z| > @yt it follows ¢ < (2!/™ —1)|z| and therefore (|z| +¢)"™ < 2|2|™. Combining this with (13) and (14)
yields
[det(21 — 4)] > [o]" = [R()] = 2" — (|2] + )" > 20" — 202" = 0.

This implies det(z] — A) # 0 for all |z| > ¢,t and therefore p(A4) < p,t = ¢,0(A). Finally, 6(A) = §(SA)
finishes the proof of the inequalities. The left inequalities are equalities for the identity matrix. Finally, in

[20, p.28] it was shown that for the circulant
(15) A =circe(1,a,a?,...,a" "), a:= ol/n
a positive matrix, | det A[u]| =1 for all u. Therefore, (6) implies
P (A) = p(A) = nil a’ = (a" —1)/(a — 1) = ¢,, showing the right inequality to be sharp for 4 as in (15)
and all n. Finally, 22:10/” —1=e®2)/n 1> (In2)/n > (1.45n)~" finishes the proof. |

Next we can characterize the case that one of the three quantities (8) is zero. Recall a cycle
(wi,...,wk), k > 1, of a matrix A is a subset of {1,...,n}. A cycle is called nonzero if the product
Ayws Awgws ** + Awpw, 18 nonzero. Note that every A;; # 0 defines a nonzero cycle {i} of length one. A full
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cycle is a cycle of length n of mutually different w;, i.e. a permutation of (1,...,n). A matrix is acyclic iff
it is permutationally similar to a strictly upper triangular matrix. Remarkably, the case p™(A4) =0

depends only on this graph theoretical property of A.
THEOREM 3.3. For IK € {IR4,IR,C} and A € M, (IK) the following are equivalent:
i) p™(4) =0.
it) A is acyclic.
1) All minors of A are zero.
Proof. The equivalence of 7) and i) follows by Theorem 3.2. If A has no cycles, then obviously all minors
are zero, so it remains to show #ii) = 4i). Suppose A is not acyclic and let p := (w1,...,wy) be a nonzero
cycle of minimal length. This is a full cycle of A[u]. Another nonzero full cycle of A[u] implies by [7,

Lemma 2.1] a common nonzero subcycle, contradicting the minimality of the length of u. Hence A[u] has

only one nonzero cycle at all, and this implies det A[u] # 0. |

The N P-hardness to compute p™ [20, Corollary 2.9] is reflected in the exponential number of minors in the

definition of 6. Another result in this spirit relates p™ to P-matrices.

THEOREM 3.4. For A€ M(IR) and 0 < r € IR not an eigenvalue of A the following is true:

PR(A) <r &  (rI—A)7Y I+ A) is a P-matriz.

This was proved in [20, Theorem 2.13]. Note that in contrast to Theorem 2.9 (i¢) there is no signature
matrix involved in the characterization of p™ in Theorem 3.4. It also gives another proof of N P-hardness
to compute p™ by using an inverse Cayley transform and because checking P-property is N P-hard [3]. We

will use Theorem 3.4 to identify the sign-real spectral radius for certain matrices in order to establish

bounds for the ratio p©/p™ in Section 6. Concerning the sign-complex spectral radius, it is well known that
p(A) <r < (rI— A)7Y(rI + A) is positive stable

because the Cayley transform maps eigenvalues from the (open) unit disc to the (open) right half plane.
What is an equivalent condition for p®(A) < r related to the Cayley transform (rl — A)~1(rl + A)? We
have reasons to conjecture the following.

CONJECTURE 3.5. Forr >0,

pP(A) <r o (rI —A)~YrI + A) is (positive) D-stable.

Recall a matrix is called D-stable if DA is positive stable for all positive diagonal D [10, 2.5.7 {.]. If true,
this would be a characterization of D-stability, apparently still an open problem. We mention that for

nonsingular real diagonal D,
(16) ID~'AD|s<r <« D?C*+CD? positive definite,

where C := (rI — A)~!(rI + A). By Theorem 2.6, the left hand side of (16) implies p®(A) < r, where the
right hand side implies C' to be D-stable. Is there a finite characterization of p¥(A) < r?

For strictly upper triangular, i.e. acyclic A, Theorem 3.3 implies p™(A) = 0, but ||A||o # 0 for A # 0. One
may ask whether existence of a nonzero cycle already implies that the ratio || Al|2/p™ (A) becomes finite.
By the proof of Theorem 3.3 existence of a nonzero cycle implies at least one minor to be nonzero so that

p™(A) is nonzero. Indeed, every nonzero cycle establishes an easy-to-compute and very useful lower bound
on pB(A) [21, Theorem 4.4].
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This result extends to p©(A). The proof carries almost identically over from the real case [21, Theorem 4.4]
to the complex case, so we omit the proof. Again, the result displays a similarity between our three
quantities (8).

THEOREM 3.6. For a matriz A and a cycle w = (wq,...,wr) C{1,...,n}, k> 1, define the geometric
mean of the cycle product by

|HAW|1/Iw\ S R .Awwl|1/k’
and the mazimum of those by
(1) C(4) = max | [T Auf /1.
Then for IK € {IR4,IR,C} and A € M, (IK),
(18) (3+2v2)" - ((A) < p(4) < n-¢(A).

For A=1, ((A) =1=p®(A), and for A= (1), p®(A) =n =n-((A).

For cycles of length 1 or 2 Theorem 3.6 implies

pIK(A) > \/ |AijAji| for all 1 < Z,j <n.
This includes p™(A) > |A;] for all i, which also follows by Theorem 2.7.

Recently, we used Theorem 3.6 to solve an open problem posed in [14], see [22].

When adapting the proof of Theorem 3.6 from the real case [21, Theorem 4.4] to the complex case IK = C
there is much freedom left. However, we did not manage to utilize this freedom to improve the constant
(34 2v/2) in Theorem 3.6 for IK = C. We conjecture that in this case the constant can be replaced by 1.

Note that for IK = IR the constant 3 + 21/2 cannot be replaced by a constant greater than 1/2 [?].

4. Relations to the componentwise distance to singularity. The original motivation to
introduce and investigate the sign-real spectral radius was the solution of an open problem posed in [4]
concerning the componentwise condition number and distance to singularity of a real matrix, cf. [21].

Much of these results carry over to the complex case and give additional insight.

For a nonnegative weight matrix F and real matrix A € M,,(IR), the real componentwise distance to the

nearest singular matrix is defined by
(19) dB(A) :=min{0 <a€R: IE € M(IR),|E| < aF and det(A + E) = 0}.

If no such « exists, we define the minimum to be 4+o00. Correspondingly, for a complex matrix A € M, (C)

the complex componentwise distance to the nearest singular matrix is defined by
(20) d%(A) :=minf0 <o € R: IE € M(C),|E| < aF and det(A+ E) = 0}.

For the special choice F = I, i.e. only diagonal componentwise perturbations, there is a simple one-to-one
correspondence to the three quantities (8). Part (i#4) for IK = IR was first proved in [20, Lemma 2.11].

THEOREM 4.1. The following is true.

(i) d¥(A™Y =p(A)7! for nonsingular 0 < A € M(IR) and IK € {IR, C}.
(ii)  dB(A™Y) = p(A)~L  for nonsingular A € M(IK) and IK € {IR, C}.

Proof. Part (i) follows by (6): p(A) = pB(A) = p€(A) for A > 0.
(#7) For IK € {IR, C} and r > 0 we have
d¥(A Y >r & VDeMIK),|D|<rl:det(A™! + D) #0.
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Now det(A) # 0 implies d¥(A~!) >0, and by r1(A"' + D) = (r I +r 1 DA)A~! it follows
d¥(A Y >r o VDeMIK),|D|<I:det(r—'I+ DA) #0.
Now Theorem 2.8 yields
dE¥(A™ Y >r o %) <r L
For r := d¥(A~1), det(A~! + D) = 0 with |D| = rI implies det(r I +r7=*DA) = 0, and therefore
PB(A) =rL. [ ]

As a corollary we note that p™(A4) depends continuously on the entries of A. This is at least not obvious
for IK = IR.

Lower bounds for p™ are obtained for every nontrivial vector by Lemma 2.3, while Theorem 4.1 implies

that computation of upper bounds for IK € {IR, C} is, in general, difficult. This is because singularity of

some A=t + D,|D| < r~'I implies d¥(A~!) < r~1 and therefore p™(A) > r, while for an upper bound
r > p™(A), nonsingularity of every A~ + D,|D| < r~'I has to be verified.

For general nonnegative weight matrix £ and complex nonsingular A, we have A + E= Al + A’lﬁ), such

that —1 is in the spectrum of A7'E. A simple computation using definition (19) and (20) yields
(21) d¥(A) = [max{|A| : A € K eigenvalue of A~ E, |E| < E}]~" for IK € {IR,C} and A € M, (IK).

Note that for IK = IR the maximum is taken only over real eigenvalues. Moreover, Eis freely varying over
all {E: |E| < E} ={ES: |E| < E,|S| = I}, so that (21) implies

d%(A) = {max p™(A"'E} ! for KK € {IR,C} and A € M, (IK).
|BI<E

Still the maximum is taken over all matrices E with |E| < E. This can be improved. For this we need a
generalization of the Oettli-Prager Theorem [15] to the complex case.

LEMMA 4.2. Let IK € {IR,C}, Ae M,(K), 0 < E e M,(IR), b€ IK", 0 < J € IR", and define
Si={zeK": (A+E)z=b+5, |E|<E, |5 <d}.
Then

>={zeK": |Az-0b| < E|z|+d}.

Proof. If (A+ E)x = b+ 0, then |Az — b| = | — Ex + 6| < E|z| 4+ 6. Conversely, suppose
|Az — b| < Elz| + 6. Then there are signature matrices S, Sz € M, (IK) and real diagonal D with
0 < D < T with S1(Ax — b) = DESsx + D§. With E:= —SiDES5 and 5= ST D¢ it follows
(A+E)zt=b+6 and |E| < E, 5| < 4. |

This theorem is well known for real matrices [25, Theorem III1.2.17] to people working in self-validating
methods because it characterizes the solution set of an interval linear system. For [A] := {A: |A— A| < E}

forms an interval matrix and [b] := {b: |b—b| < 6} forms an interval vector, it follows
S ={x: Az=0b Ac|A],be[b]}.

With Lemma 4.2 we obtain a better characterization of d (A4). For IK = IR, this characterization of d is
known [18, Theorem 5.1, (C3)]. For IK = C, the definition (20) and Lemma 4.2 imply

ri=d%(4) = min{f0<aclR: (A+E)z2=0,0+#z¢eC" |E|<aE}

22
(22) = min{0<aelR: |Az| <aF|z|, 0#2z¢€ C"}.
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Then there are Sy, Sy € M, (C), |S1| = |S2| = I, real diagonal D with 0 < D < T and real 0 < z € IR" with
(23) S1ASex = rDEx.

We show that we may replace D in (23) by complex diagonal D with |l~)| = 31 for some 0 < 3 € IR. Define
the complex polynomial P(u) := det(S;ASy — rdiag(u)E) € Cluy,...,u,]. By (23), P(D11,...,Dpyn) =0.
For § := min{||u||s : P(u) = 0}, Lemma 2.2 implies existence of some v € C" with P(v) =0 and |v;| =
for all i. Then diag(v) = 5S3 for a signature matrix Sz € M,,(C), |S3| = I. Furthermore, P(v) = 0 implies

existence of 0 # z € C" with

SlASQE = TﬁSgEz.

Setting z := S3Z we have |Az| = rBE|z|, and the minimality of r as defined in (22) implies 8 = 1.

Therefore,
d(A) = min{a: |Az|=aFE|z|, 0# 2 € C"}
= min{a: S1AS2z=aFEz 0#2z¢€C", |S1]| =52 =1}
(24) — min{a: det(a"'T - S;AISIE) =0, [Si| = |Ss| = I}

{max p€(A~1SE)} !
|S|=1
for complex signature matrices S, S1, S3 € M, (C). Combining our knowledge on the sign-real spectral
radius with [18, Theorem 5.1, (C3)] proves (24) to be true also in the real case.
THEOREM 4.3. Let IK € {IR, C}, nonsingular A € M(IK) and 0 < E € M(IR) be given. Then

(25) A (4) = {maxx p"(A7' SE)} .

By Definition 1.1 it follows that for the characterization of d% (A) only knowledge on the spectrum of a
certain set of matrices A™'E, |E| = E, is necessary, namely A=1S]ES,. In the real case, this set is finite.

Is there a finite characterization on d%(A4)?

Clearly, Theorem 4.1, (ii) is a consequence of Theorem 4.3 for E' = I. However, the arguments for £ = I
may give additional insight into the matter.

Finally, we mention another explicit formula for d% expressed by p.

THEOREM 4.4. Let 0 < E € M(IR). Then

0 E
PLat o
0 E

K

0 A
Proof. (i) is consequence of (6). (ii) follows by the fact that ++/X are the eigenvalues of < B 0 ) for A

(i) d%¥(A) = for nonsingular A € M(IR), A= >0, K € {IR, C}.

(ii) dE(A) = for nonsingular A € M(IK), IK € {IR, C}.

an eigenvalue of AB, by Theorem 4.3.

We note that part (i) remains true for rank(sign(A~')) = 1 when replacing A~! by |A~!| in the formula.
This is true, for example, for checkerboard sign distribution of A=1.

For the special case E = (1), i.e. E;; =1 for all ¢, j, that is for absolute perturbations, we can derive an
explicit formula for dl(If)(A). Let e denote a column of (1), the matrix of all 1’s, so that (1) = ee”. Then
Theorem 4.3 and Lemma 2.1 imply

dC. (A~ = ma A lyww*) = ma v A 1y
1) (4) Jnax, p( ) Jnax, | \
[u|=|v|=e |u|=[v|=e
= max [[A7ully = [[A7 o1
[lulloo=1
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For real A € M(IR) and IK = IR, the same is true [19]: d]&)
4] o = 1, maximizing || A~ ul|; is obviously a real vector with components +1 and the eigenvalue of
maximum absolute value of A~ uv”, which is [v?7 A~1ul, is real (note that in Definition 1.1 of p™ the

maximum is taken over real eigenvalues). Therefore, the real and complex distance to singularity of a real

matrix subject to absolute perturbations is the same:

(A)7!' =||[A7||.1- In this case the vector u,

(26) dfy)(A) = di§)(A) for A e M,(RR).
Of course, (26) need not to be true for other weight matrices than E = (1).

Following Poljak and Rohn [17] the computation of d?})(A) is NP-hard. We note that this is true for a very
specific subclass of real matrices, namely symmetric, strongly diagonally dominant inverse M-matrices. By
Theorem 4.4 and (26),

—92 -2
- (0 G e ()

for every real matrix A. This proves the following.
THEOREM 4.5. The computation of p€(A) is NP-hard.

Originally, the sign-real spectral radius was introduced [20] to solve a conjecture by Demmel [4]: For
A € M, (IR), there are finite constants -, such that

1 R 'Yn
@) AT Y < WAl < STy

The quantity in the denominator is the optimal componentwise (Bauer-Skeel) condition number achievable
by diagonal scaling [4], [24]. Condition (27) means that the componentwise distance to the nearest singular
matrix for relative perturbations is inverse proportional to the (componentwise) condition number. We
solved this in the affirmative for general weight matrices E > 0 instead of |A| (part (i7) in the following
theorem). The same is true in the complex case, and again the formulations are very similar for the three
quantities (8). Note that for normwise perturbations, it is well known that the (normwise) distance to the
nearest singular matrix is equal to the reciprocal of the (normwise) condition number [8, Theorem 6.5].

THEOREM 4.6. For 0 < E € M,(IR) the following is true (0~1 is interpreted as 0o).

(7) m =dB(A) = d&(A) for nonsingular A € M(IR), A= > 0.
.. 1 (34 2v2)n .
i) —————— <dB¥(A) < =" for K € {IR,C} and nonsingular A € M, (IK).

For every n, there exists a matriz A € M, (IK) with dﬁfﬂ(A) = m

Proof. Part (i) follows by (6) and Theorem 4.3 and the well known fact from Perron-Frobenius Theory that
|A| < B implies o(A) < o(B), for part (i7) and IK = IR see [21, Proposition 5.1]. The proof of part (i) for
IK = C is almost identical to the real case and therefore omitted. For the last part we can use the same
example as in the real case [21, (25)], namely the symmetric tridiagonal matrix

11
1 0 1
A= 1 0 € M,(IR) C M,(C) with s := (—1)"".
0 1
1 s

A computation yields |A71||A| = (1) € M,,(IR) and therefore p(|A~!||A]) = n. The determinant of A is

equal to the sum of two full cycles, both being equal to 1. No componentwise relative perturbation less
than 100 %, real or complex, can move the determinant into zero, hence df (4) = df (4) = 1. [ |
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The upper bound in (i7) relies on the lower bound (18) in Theorem 3.6. If the conjecture following
Theorem 3.6 is true, then the constant 3 + 2v/2 in (i4) of the preceeding Theorem 4.6 can be replaced by 1
for IK = C, implying two-sided sharp inequalities in this case.

5. Relations to the structured singular value. In [5] the structured singular value, also known as
the p-number, was introduced to analyze feedback systems with structured uncertainties. For an overview

see [16]. The definition of the py-number relies on a fixed block structure A C M,,(C) with
A = {diag[61 1, ...,05 5, Ast1,...,AsyF] : 0 € C,Agyj € My, (C)}
For consistency, > 7; + Y, m; = n. For such a block structure, the g-number is defined by [16]
pa(A) = [min{[Alls: A€ A, det(7 — AA) = 0)] !

There are two differences to the reciprocal of the componentwise (complex) distance to singularity d%.
First, the gy-number refers to blockwise perturbations and second, the distance measure is, with respect to
these blocks, normwise. Nevertheless, the py-number establishes a certain link between normwise and
componentwise distance to singularity. For S = 0, F = 1, the y-number is the reciprocal of the traditional
normwise distance to singularity, i.e. ||[A~!||;'. For S = n, F = 0, the g-number is the reciprocal of d
because for 1 x 1 matrices, the spectral norm and modulus coincide. This is also true for arbitrary S, F and
r; =m; =1 for all 4, j. In this case, pa(A) = p®(A) by Theorem 4.1, and all results on the y-number are
valid for the sign-complex spectral radius. This includes some results in Section 2, especially Theorem 2.4
for IK = C.

With Theorem 4.1 we found arguments why computation of upper bounds for p, IK € {IR, C}, is
generally difficult. For the py-number, substantial work has been done to investigate the upper bound

C : -1

A) < f D™ AD]5.

p-(A) < bt | P
D diagonal

(28)

The validity of (28) follows by Theorem 2.6 and Lemma 2.1. The right hand side is numerically convenient
to compute because ||[e~P AeP |5 is convex in the D;; for diagonal D [23]. Convex optimization problems
can be solved efficiently. For an excellent treatment see [27]. Over there, sharpness of the bound is also
characterized, see also [16].

Estimation (28) is generally referred to as "the upper bound” for the py-number. It proved to be of good
quality in practice, frequently being equal to the left hand side. However, at least asymptotically, the ratio
between the upper bound and the p-number is not finite [26]. Using Theorem 3.6 we obtain an upper
bound for the ratio to p® as follows. It is well known [6] that

inf{rrilz}x |D_1AD|Z-]- : D nonsingular diagonal} = max{| 1_[14u,|1/|“’| cwCH{L,...,n}} =C(A).
Therefore,
inf |D~AD]|> < n - ¢(4)
and by Theorem 3.6,
pC(A) < inf [D7'AD|2 < (34 2V2)n - p®(A).

But earlier, the better factor v/n — 1 for n > 4 was found ([13], [11]). It is conjectured that the true ratio is
O(logn).
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6. Relations between p™(A), p¥(A) and p(|A|). We start with a class of matrices which proved
useful to construct certain examples - and counterexamples. The sign-real and sign-complex spectral radius

can be calculated explicitly for those matrices.

THEOREM 6.1. Define

—+1
(29) A= € M,(IR) forn > 2,
-1
0
a skew-symmetric matriz with A;; = sign(j — i), that is all components equal to +1 above and equal to —1
below the zero diagonal. Then for all n > 2 it holds
sinm/n

R _ C _
p(A)=1 and p(A)il—cosw/n'

Remark. For the real case this was shown in [20, Lemma 5.6]. Here we give a simpler proof. Note that
pT(A) > 1 is easy to see, but p(A) = 1 means that no matrix SA, |S| = I, has a real eigenvalue greater

than one in absolute value.
Proof. A direct computation shows

0 1

(30) P=(I-A)"Y(I+A)= B for all n > 2,

-1 0

so that |P| is a permutation matrix. It is det P =1 for all n, so that this skew-circulant is a Py-matrix for

all n. Now Theorem 3.4 together with a continuity argument shows p™(A) = 1.

Next we calculate p¥(A). For A being normal, Theorem 2.6 implies p®(A) = p(A). The characteristic
polynomial of P in (30) is xp(z) = 2™ 4+ (—1)", so that the eigenvalues of P are

exp(2kmi/n), k=1...n forn odd,
exp((2k + )wi/n), k=1...n for n even.

This yields the eigenvalues of A = (P + I)~}(P — I). A little computation for n odd and n even and
Theorem 2.6 shows

PO(A) = Al = p(4) = —S0T/n

——F—  foralln>2. ]
1 —cosm/n oratn =

We first consider relations between the Hadamard product p™ (A4 o A), where (A o B);; :== A;;B;;, and
p™(A)? and p™(A?). For IK = IR those three quantities may be in any order: For A as in (29) and n = 3

we have

PR(A)? =1 < pf(AoA) =2 < pi(A%) =3,

and for

-1 1 0
(31) A= 0 1 1

0 -1 -1



we have
PR(A%) =1 < pP(AoA) =2 < pR(A)? =4.

In the complex case and again for the matrix defined in (31) the values do not change compared to the real

case, that is
pP(A%) =1 < p®(Ao A) =2 < p¥(A)% =4,

and three inequalities remain. For A as in (29) and n = 3 we have p¥(A o0 A) = 2 < p©(A?) = 3. The
inequality p®€(A4)? < p®(A42) is only possible if the bound (28) is not sharp. This is because for A scaled
such that p€(A) = ||A||z it is

(32) pU(A%) < [ 4%z < || A2 - [|All2 = p%(4)?,
and in case the infimum in (28) is not a minimum, a continuity argument confirms (32). This implies
pC(A)% > pP(A4?) for n < 3,

but for the 4 x 4 matrix defined in [16, Section 9.2] it is p®(A4)? < p¥(A?). This example can be generalized
ton > 4.
The inequality p€(A4)? < p€(A o A) is also not possible if the upper bound (28) is sharp. This is because
p€(A) = ||B|l2 with B = D™'AD for diagonal D implies

pC(Ao A

p(S(A 0 A)) = p(D~2S(A o A)D?) = p(S((D'AD) o (D' AD))
|S(BoB)ll2 = B Blls < | BI3 = p®(4),

IA

where the last inequality follows by [10, Theorem 5.5.1]. Hence,
(33) pC(Ao A) < p®(A)? if (28) is sharp, especially for n < 3.
In the real case A € M(IR), we have Ao A > 0 and
pO(A0 A) = p(Ao A) < p(A)? < p°(A)%.

Is (33) true for general complex A?

The results can be summarized in the following table.

< | pPA404) pSA)2  pt(4?)
pC(Ao A) (31) (29)
pC(A)? ? [16, Sec. 9.2
p(A?) (31) (31)

The references are examples of matrices such that the quantity in the left column is strictly less than the
quantity in the top row. For the ”?” such an example may only exist for n > 4 and if the upper bound (28)

is not sharp.

Finally we give bounds for the ratios between p™(A), p¥(A) and p(|A]). An upper bound for p®/p®
follows by Theorem 3.2:

(34) PM(A) < pP(A) < - 8(A) < g - p"(A).
For the matrices given in Theorem 6.1 we have

o) = e ),
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The power series expansion
sinx 2 1 3
l—cosz =z 6304_0(96 )
yields p®(A)/n = 2/m + 0(n~2). Together with (34) this proves the following.
THEOREM 6.2. For A € M,(IR),

(35) P(A) < pC(A) < (27— 1) - pR(A) < Ld5n - g (A).

For all n it is

CeA
n<  sup pIR( ) < (21/" — 1)_1 < 1.45n.
AeM, (IR) P (A)

2
s

Finally, for ((A) as defined in (17) we have ((A4) = ((|A]), and by Theorem 3.6
[(3+2v2)n] "' p(|A]) < (3+2v2)71((A4) < p™(A) < p°(4) < p(|4]).
For a Hadamard matrix H with H” H = nl, Theorem 3.2 and Theorem 2.6 imply
|det H|Y/™ = nV/2 < R(H) < p°(H) < || H|la < n'/2.
Hence,
p(H|)/p"™ (H) = p(|H|)/p®(H) = n'/2.
THEOREM 6.3. For IK € {IR,C} and A € M, (IK),
[(3+2v2)n] ™" - p(|A]) < p™(4) < p(|A)).
At least for values of n where an n x n Hadamard matrix exists it is

nl/2 < p(|A]) _
= Aem,(r) PE(A)

7. Conclusion. The nonlinear eigenequation |Az| = |Az| was shown to create quantities for general
real and complex matrices similar to the Perron root for real nonnegative matrices. We presented a number
of results supporting this unification, but many open problems remain. For A € M, (IR), C € M, (C), we

conjecture the following.

(36) Forr>0: p%C)<re (rI —C)~*(rI + C) is (positive) D-stable.
(37) p%(C o C) < p®(C)?* is not true for n > 4.

(38) n~tp(|A]) < P (A).

(39) p(A) > %| HAw\l/I“" for every cycle w C {1,...,n}.

(40) p(C) > |HC’W|1/‘“" for every cycle w C {1,...,n}.

41 dR(A) < — " for0< E € M,(RR).

42 d8(C) < ——— for 0 < E € M (IR).

If true, the inequalities (39), (40), (41) and (42) are best possible. A main open problem for the
computation of p€(A) is

16



Does there exist a finite characterization of p®(A)?
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