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IntrodutionGrowing interest in solvingProblem I: �nd v; � so thatAv = v�andProblem II: �nd x so thatAx= bfor huge sparse matries A 2 K n�n.Methods for dense systems: O(n3) operationsfor solution and veri�ation (Rump, Oishi).Is veri�ation for sparse matries possible
� without use of full matries and
� with less than O(n3) operations?
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Problem I (eigenvalues)Three important methods using Krylov spaes:symmetri Lanzos:AQk �QkTk = �kqk+1eTk + FLkTk = TTk tridiagonal, QTkQk = Ik if FLk = 0nonsymmetri Lanzos:AQk �QkTk = �kqk+1eTk + FQkATPk � PkTTk = kpk+1eTk + FPkTk tridiagonal, PTk Qk = Ik if FQk = 0 = FPkArnoldi:AQk �QkHk = hk;k+1qk+1eTk + FAkHk Hessenberg, QTkQk = Ik if FAk = 0There exist modi�ations of symmetri Lan-zos for skew-symmetri matries et.
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In theory (Fk = 0) rapid onvergene whenouter eigenvalues well separated.symmetri Lanzos �! Kaniel{Paige{Saad
0 � �j � �j�n � �j � 0B� sin\ �q1; Vj�os\ �q1; vj� � Qj�1�=1(����n����j )Tk�j(1 + 2)1CA2:

Vj = span �v1; : : : ; vj�
Gap ratio:  = �j � �j+1�j+1 � �n :
Chebyshev polynomials Tk dampen part of thespetrum.Arnoldi �! Trefethen
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Uni�ed desriptionIn all asesAXk �XkBk = bk;k+1xk+1eTk + Fk (�)holds ) Sylvester equation for Xk (linear).
A Xk � Xk Bk = 0 + Fk

Eigendeomposition of A:
vTi A= �ivTi ; Awi = wi�i:Eigendeomposition of Bk:
Bksj = sj�j; tTj Bk = �jtTj :Eigenvetors have unit length.
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Convergene and loss of orthogonalityRitz pairs (triplets): ��j; yj = Xksj h; zji�For symmetri Lanzos residual an be esti-mated (kyjk = 1 for Fk = 0):Ayj � yj�j = bk;k+1skjxk+1+ Fksj����i � �j��� � kyjk � bk;k+1 ���skj���+ kFksjk
Diagonalization of (�) yields��i � �j� vTi yj = vTi xk+1bk;k+1skj + vTi Fksj:
Reorder terms:

vTi xk+1 = ��i � �j� vTi yj � vTi Fksjbk;k+1skj) formula for loal error.
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The loal error formula shows Paige's result:
Loss of orthogonality()Fk 6= 0 and onvergene

Relation between onvergene and residual forsymmetri Lanzos (Temple/Kato):No eigenvalue in [�j; �j +gap℄. Then0 � �i � �j � ��kskj�2�gap:
Well separated eigenvalues (gap = O(1))) onvergene quadrati in the residual.Interval Lanzos (Frommer) an only reah thestep where onvergene reahes the level ofthe mahine preision �, that means the stepwhere the residual reahes level p�.
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Numerial exampleRandom A 2 [0;1℄100�100 (nonnegative). Plotshows �max � �j, bk;k+1skj and vTmaxxk+1.Eigenvalues of largest moduli:�max = �100 � 50:6; �99 � 4:2:

0 2 4 6 8 10 12
10

−16

10
−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

10
2

Convergence <==> Loss of Orthogonality (I)

β
k
 | s

kj
(k) | (dashed)

| λ
100

 − θ
j
(k) |  (solid)

v
100
T q

k+1
 (dash−dotted)

mag( v
100
T  [ q ]

k+1
 ) (dotted)

A
bs

ol
ut

e 
va

lu
es

 in
 lo

ga
rit

hm
ic

 s
ca

le

Lanczos step k

Jens Zemke Dagstuhl Seminar 21{26 November 1999 8



Short summary:Krylov methods in oating pointFk 6= 0without repair (reorthogonalization) will devi-ate vTi xk+1 = ��i � �j� vTi yj � vTi Fksjbk;k+1skjfrom exat ounterparts when onvergene��i � �j� vTi yj = O(vTi Fksj)ours.The Ritz pair (triplet) onverges to an eigen-pair (eigentriple).In the unsymmetri ases for some jvTi yjonverges to vTi wiand thus the ondition of �i omes into play.
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One way of dealing with the loss of orthogonal-ity is to understand the behaviour of symmetriLanzos after �rst Ritz pair onverged.Stabilization of Ritz values:
8 l > 0 9 i : �����(k+l)i � �(k)j ���� � �k ����s(k)kj ���� :

Thompson & MEnteggert (1968):�s(k)kj �2 = Yi<j �(k)j � �(k�1)i�(k)j � �(k)i � Yi>j �(k)j � �(k�1)i�1�(k)j � �(k)i :
For Arnoldi and nonsymmetri Lanzos no sim-ilar results exist, but behaviour looks prettymuh the same.Lak of results due to the involved perturba-tion theory for general matries.
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The other way is reorthogonalisation.
� Full reorthogonalization (Wilkinson):Computes 'aurate' Qk in O(kn):kQTkQk � Ikk= O (kAk") :Storage amount: full matries. Arnoldi hasto store all vetors and uses reorthogonal-ization.
� Semiorthogonalization tehniques (Parlett,Sott, Bai, Grar, . . . ):Indiator reahes O(kAkp")) Invoke reorthogonalization.

Up to now no way to adopt these tehniquesfor a veri�ation method.
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Problem II (linear systems)For every Krylov eigensolver a orrespondinglinear system solver exists.eigensolver linear system solversymmetri Lanzos CG (A SPD)Arnoldi GMRES. . . . . .Floating point Krylov methods for solution oflinear systems orrespond to some underlyingperturbed Krylov eigensolver.So it is not possible to use interval arithmetifor Krylov methods in general.Either the intervals will grow tremendous dueto onvergene of a Ritz pair or onvergenewill be delayed to the last step.
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Conlusions
� Krylov methods are not forward stable.
� Krylov methods are in some sense bak-ward stable (residuals lose to bounds).
� Interval evaluation of Krylov methods doesnot work in the numerially interesting aseof rapid onvergene.
� Numerially omputed results are near thebest possible results (as predited by per-turbation theory).
� Krylov methods tend to 'forget' the start-ing vetor (only weak dependene on thestarting vetor).
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� If no reorthogonalization is used, loss of or-thogonality ours i� the residual is small.
� It is not suÆient to use higher preisionin later steps to ompute more aurateresults. The whole omputation has to bedone again in higher preision.

QuestionCan there be a Krylov method with fast on-vergene and huge residual?
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Some more pitures . . .
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