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The Menagerie of Krylov Methods

O Lanczos based methods (short—term methods)
o Arnoldi based methods (long—term methods)

O eigensolvers Av = v\

O linear system solvers: Ax = b
o (quasi-) orthogonal residual approaches: (Q)OR
o (quasi-) minimal residual approaches: (Q)MR

Extensions:
O Lanczos based methods:
o look-ahead
o product-type (LTPMs)
o applied to normal equations (CGN)
o Arnoldi based methods:
o restart (thin/thick, explicit/implicit)
o truncation (standard/optimal)
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In the following: K € {R,C}

A € KnxXn
Q c Knxn
Q c KN Xn
I € KnXn
T € KnXn
H ¢ KnXn
C € KnXn

system matrix (usually large, sparse)
basis matrix used for Krylov subspace
adjoint basis to

identity matrix, columns e;
tridiagonal matrix

Hessenberg matrix

computed (condensed) matrix

First step: iterative transformation to
o tridiagonal form (Lanczos)

QhlAaQ=1T, Q=1

o Hessenberg form (Arnoldi)

QPAQ=H, QHQ=T1

(as attempt to be close to Jordan/Schur normal form)
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A Unified Matrix Description of Krylov Methods

Introduce computed (condensed) matrix C =T, H

QlAg=C = AQ=0QC

Iteration implied by unreduced Hessenberg structure:

AQ = Qu41Cr Qu=la1,..-,aq), Cj e KT

Stewart: 'Krylov Decomposition’

Iteration spans Krylov subspace (¢ = ¢1):

span{Q;} = K}, = span{q, Aq, ..., AF"1¢}

Purely algebraic (rational) approach: only polynomials involved
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Definition: A Krylov method is an iterative method that returns ap-
proximations to the desired quantity from a nested sequence of Krylov
subspaces.

Lemma: Any possible Krylov method can be expressed in terms of a
Krylov decomposition.

Proof:
The natural basis of a Krylov space is given by the Krylov matrix

Kj, = [q, Aq, ..., A* 1]
Any other basis Q). can be expressed as
K. = QL By, B € Kka, B;. regular
When the sequence of bases is such that first columns remain unaltered:
Bk — Rk

with R; upper triangular, sequence of submatrices (GR decomposition).
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Proof cont’d:
Let ¢ = g1 be the starting vector of the Krylov subspace.

[, AK;] = Kp4q

1 0]
= [q, AQp] Qr+1Br+1 (0 Bl )
ke

Observation:
o0 GR decomposition whenever basis unaltered
0 QR decomposition when method based on Arnoldi

Equation (1) gives the Krylov decomposition

AQp = Q410 = QrCk + %+1Ck+1,k€£
Here ;. is defined by

(; Qk) = Bp41 (Cl) BZ_1>

(1)
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Remark: Previously computed basis vectors unaltered:
o Krylov decomposition is GR decomposition
o computed matrix C} is (unreduced) Hessenberg
o set {C}.}, is sequence of nested submatrices

Characterisation of Krylov methods as

AQ = Qp4+1C%

QkCk + Gh+1Ck+1 ke
QrCk + My,

has impacts.

Lemma: A representation of the basis vectors qj IS given by
k
1l ¢it+15 | 6+1 = xc,(A) ¢
J=1

Proof: Some commutative algebra on the ’'Sylvester equation’ form

(I, ® A — C} @ In)vec(Qy,) = vec(My,).
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Perturbed Krylov Decompositions

A Krylov decomposition analogue holds true in finite precision:

AQr = Qp41Ck — Fj,

T
QrCrk + qet1k+1 ke — Fr
QrCy + M. — Fy,

We have to investigate the impacts of the method on
o the structure of the basis Q. (local orthogonality/duality)
o the structure of the computed C}, C}
o the size/structure of the error term —F},

Convergence theory:
O is usually based on inductively proven properties:
orthogonality, bi-orthogonality, A-conjugacy, ...
What can be said about these properties?

'Standard’ error analysis:
O splits into forward and backward error analysis.
Does this analysis apply to Krylov methods?
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A (sligthly) different introduction to (well-known) Krylov methods:

Eigenproblem solvers:
o0 compute the Krylov decomposition:

AQ = QrC + My,
O solve a small structured eigenvalue problem:
CiSr = Sk J(O)
o prolong the eigenvectors:

Yi = QrSk

O use RIitz pair as approximate eigenpair:

AY), — V3, J(O) = MpSk = qpt+1¢k+1.1€5 Sk

In these methods the Krylov decomposition is used explicitly.
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Examples of Krylov method eigenproblem solvers are the methods of
LLanczos and Arnoldi. We are only interested in the decompositional part.

Arnoldi’'s method uses an orthonormal basis:
CGS-Arnoldi, MGS-Arnoldi, Householder-Arnoldi, Givens-Arnoldi, . ..

MGS-Arnoldi proceeds as follows (k= {1,...,k}):

A and rqg given

for £k € N do — outer loop
hik—1 < |l7e—1l] — compute last moment
Qe — Tk—1/Pk k-1 — normalisation
rE < Agg — expand Krylov subspace
for j € k do — inner loop
hik < (qj, k) — compute moments
Tk < Tk — ¢ihjk — purge residual vector
end for
end for

In all variants C), = H is (unreduced) Hessenberg, F}. is small (=~ ||Alle)
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Lanczos’ method uses two bi-orthogonal bases:
Symmetric Lanczos, Symplectic Lanczos, Day’'s Variant, ...

Let A= AH and T, = T}!. Then the bases fulfil

AQr = Quii1Tr = QT + rrriet = QuTh + qur18ker
AQr = Q41T = Q1T + Pry1et = QpTk + Grr17rer
Here
(c1 M \
T = f1 ax .
SO [ |
\ Be1  ay )

Unique algorithm: any choice of 3, such that

Bk = (Tks Tk)
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Unified pseudo-code for several Lanczos-algorithms:

A, rg and rg given

for £k € N do — outer loop
Br_1Ve—1 «— (Pr_1,TL_1) — compute last moments
qr <— Th—1/08r—1 — right normalisation
Q. < Th—1/7Vk—1 — left normalisation
ri. «— Aqp — expand right Krylov subspace
7. — Agy — expand left Krylov subspace
ap — (G, Tr) = (T, Qi) — compute middle moment
Th «— Tk — 0L — Ve—19k—1 — purge right residual vector
T «— T — Ok — Br_10r,—1  — burge left residual vector
end for

Remark: A= A" rg=7yand v =B, = Lanczos = Arnoldi (CG)

In most variants C), = T}, is tridiagonal, Fy, F, are small compared to A
and the length of the columns of Q, Q
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The Krylov method linear system solvers can be distinguished into OR and
MR methods. OR methods are more close to the eigenproblem methods.

(Q)OR linear system solvers, direct approach:
o compute the Krylov decomposition:

AQr = QrCr + My, q1 =b/||b|
O solve a small structured linear system:
Crzr, = [|blleq
o prolong the solution:
rp = Q2K

O use this as approximate solution:

T
Azxy, — Qillbller = Az — b= Mz, = qr4-1Ck+1 kCk 2k

In these methods the Krylov decomposition is used explicitly.
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The MR methods use the larger (non-square) matrix C..

(Q)MR linear system solvers, direct approach:
o compute the Krylov decomposition:

AQr = Qi+1Ck, q1 =b/||b]
O solve a small structured minimal residual linear system:

zp = argmin ||Cz — ||blleq ]
o prolong the solution:
rp = QR2k

O use this as approximate solution:

Az, — b|| = [|Qr4-1(Crzi — |[blle1)||
In these methods the Krylov decomposition is used explicitly.

When the basis Q41 is orthonormal, the computed solution is the minimal
residual solution in the Krylov subspace.
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The solution of the small system is often based on decompositions.

Examples include:
(Q)OR: FOM, SymmLQ, SymmBK, QOR
(Q)MR: GMRES, MinRes, QMR

Krylov decompositions are quite similar to Richardson iteration:
T+1 = (I — A)mk —|— ro < Awk —T0 =T — Tk41
AXp — Ro = Xp41Br < —Rp = X418k

The column sums of B, are zero. Similarly, for the Chebychev polynomial
acceleration on the interval (—1,1), we obtain the recurrence

—Rp Dy = Xp411y,
where T is a tridiagonal matrix with zero column sums.
Inspired by Richardson, Chebychev, or more general, polynomial acceler-

ation, we seek (. with zero column sums. This will enable us to discard
the step of the solution of the small linear system.
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Let a generic Krylov decomposition (c,,41.m,m = 0)

AQm — chm

be given. Suppose (), non-singular unreduced Hessenberg. The system
y!I'Cp, = el has a unique solution y. Of course y!'C,,_1 = 0.

When y(k) = 0, Cp_1 is singular, since then C,,_1 with kth row deleted
must be singular and is given by

Ck—l *
0 R

Remark: When (C}. is singular and Q) is orthonormal, zero is in the field
of values of A,

0 =210z = 2HQHAQz = vy Ay.
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When all y(k) are non-zero, we can scale Cy, by D = diag(y):

) — pc,, D1,

Suppose further that ¢; = b. Then the (Q)OR solution is given by
(0)
Cr

Zl. — €1.

Observation: The scaling implies that
T~(0) _ T ~(0) __ 0 T
eeC 71 =0, & e C’]g ) — —c](€_|217kek (2)

holds true, with e = (1,...,1)Y of appropriate length.

This, in turn, implies that the residuals satisfy

0 0 0)y—
—T = Arp — b= Qk+101(c_31,k€£2k = —Qk+1€TC;g )(C;g N~le; = —Qqk+1
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We re-write the decomposition as

ARy, = Ry 109 (3)

When we apply A~ to this equation, we obtain by equation (2)

_ 0
R, = A 1Rk+1Q;(c)

= [z —z0,...,z — m]C}Y
= (QUGT_Xk—I—l)Q;(CO)
R, = —Xk_|_1Q/(€O) (4)

Equations (3) and (4) define the class of methods known as Orthores.

Examples include:

(Q)OR: Orthores (Arnoldi), CG-Ores (Lanczos), Biores (Lanczos)
(Q)MR: CR-Ores (Lanczos), QMR
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Many methods derived thus far can be handled using the following lemma:

Lemma: The error in methods that are based on the direct computation
of the Krylov decomposition fulfils

| Fr| < mlAllQkl + ve+11Qr+11Ck|

Here ~, is given by ne/(1 —ne) where e denotes the machine precision, in
IEEE arithmetic double precision given by e = 2723~ 1.11-10"16,

This class of methods includes Orthores methods, CGS-Arnoldi and MGS-
Arnoldi based methods (FOM, GMRES) and many Lanczos variants.

This a posteriori result is similar to the well-known result on LR decom-
position (Higham 1996, Accuracy and Stability of Numerical Algorithms).

The proof, like the proof for the LR decomposition, is based on Lemma
8.4 in Higham's textbook.
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Orthores yet another way: equation (2) re-written

(1 %)
1 1 C}gO):DkM]f[

where M} upper triangular, unit diagonal and

Dy = —diag(cg?l), . '7Cl(£|21,k)
Observe
/1 0) [ 1 0\
1 1 -1 —1
: : :Lk — 1
\1 1 - 1) L 0 1 1)

Orthores computes (implicitly) an LDMT decomposition

c\® =, DM
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We insert this decomposition into the Krylov decomposition and re-write

it:
ARmM_-"D-1 = RnLm
The columns of the basis
m = R M- H = R,=P.M"

are termed direction vectors.

Equation (5) together with the equations

—1
APka — Rk—l—lLk — RkLk — rkeg

1 T
PpD, " = —Xpy1Llp = —XpLy + opey,

forms the class of methods known as Orthomin.

(5)

(6)
(7)
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Orthomin includes:
(Q)OR: CG-Omin, Biomin
(Q)MR: Orthomin, CR-Omin, QMR

Orthomin methods (this includes the usual variant of CG) come in form
of two coupled recurrences. We refer to this computation of
0
ARy = Rk+1Q£ ) R,

as a split Krylov decomposition.

Lemma: In split Krylov decompositions the error term fulfils:
—F, = AR 4 P 100
The error terms come from the coupled recurrences,

APD Y = Ry L+ FY, Ry =PME 4+ FP).

We mention Orthodir, a class of methods based on a different scaling.
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A large class of methods is based on a transformation of a Lanczos variant
to not use the transpose A% or Hermitian A¥. This class is known as
Lanczos-type product methods, LTPMs and results (implicitly) in Krylov
decompositions.

We just remark:
o C}. is Hessenberg and depends on O(k) values
O not every basis vector must be a (quasi-) residual
o Orthores, Orthomin and Orthodir variants exist
o Fj. depends on complicated expressions

Examples include:
CGS, CGS2, shifted CGS,
BiCGSTAB, BICGxMR2, BICGSTAB2, BiCGstab(¥),
TFQMR, QMRCGSTAB, ...
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All methods fit pictorially into:

This is a perturbed Krylov decomposition, as subspace equation.

Qk

Qk
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Examination of the methods has to be done according to
0 methods directly based on the Krylov decomposition
O methods based on a split Krylov decomposition
o LTPMs

The matrix (. plays a crucial role:
o (). is Hessenberg or even tridiagonal (basics),
o Cr. may be blocked or banded (block Krylov methods),
o C, may have humps, spikes, ... (more sophisticated)

The error analysis and convergence theory splits further up:
o0 knowledge on Hessenberg (tridiagonal) matrices

o0 knowledge on orthogonality, duality, conjugacy, ...

We start with results on Hessenberg matrices.
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A Short Excursion on Matrix Structure

Jordan matrix of A
right eigenvector-matrix, AV = V Jx
yv—H left eigenvector-matrix, VHA = JA\VH
v alternate left eigenvector-matrix, ALA = J\V1
xA(\) =det(A — A) characteristic polynomial of A
R\ = (I —A)~1  resolvent

DU

Cr(A) kth compound matrix of A

adj (A) classical adjoint, adjugate of A
A A with row ¢ and column j deleted
S, S; sign matrices

The adjoint of \I — A fulfils

adj (AT — A)Y(M — A) = det(\ ] — A)T.

Suppose that M is not contained in the spectrum of A.
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We form the resolvent of A and obtain

adj (M — A) det (M — A) R()\)

1% (XA (\) J/\—_l,\) vH,

The shifted and inverted Jordan matrix looks like

[(A— M) =) L (= /\i)—k\
(A=x)1
J,\__lAZ. = S5;E;S; = 5; . : S;,

\ A=)t

T he multiplication with the characteristic polynomial allows to cancel the
terms with negative exponent.

T he resulting expression is a source of eigenvalue — eigenvector relations.
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We express the adjugate with the aid of compound matrices,

adj A = SC,,_1(AD)S.

Then we have equality

P=C, 1M — A = (SVS)G(STHS)
(SVS) x4\ E(STVHS).

The elements of the compound matrix P are polynomials in XA of the form

Pij = Pij (A, A) = det Lj;, where L =)\l — A.

The elements of G are obviously given by rational functions in )\, since

G=xa) - (D;E;).

Many terms cancel, the elements of G are polynomials. We divide by the
maximal factor and compute the limes A — \;.
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The choice of eigenvectors is based on the non-zero positions 7,5 in the
matrix (the sign matrices are left out):

v; (,7)

Amongst others, the well-known result on eigenvalue — eigenvector rela-
tions by Thompson and McEnteggert is included. This is one of the basic

results used in Paige’s analysis of the finite precision symmetric Lanczos
method.

We consider here only the special case of non-derogatory eigenvalues.
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Theorem: Let A € K", Let A\ = \j;1 = ... = N4 be a geometrically
simple eigenvalue of A. Let k+1 be the algebraic multiplicity of A. Let @ZH
and vy be the corresponding left and right eigenvectors with appropriate
normalization.

T hen

(_1)(j-|—i—|—k:) pjiO\l; A)
[, (Ar — As)

V104 [+ =

holds true.

The minus one stems from the sign matrices, the polynomial from the
definition of the adjoint as matrix of cofactors and the denominator by
division with the maximal factor.

This setting matches every eigenvalue of non-derogatory A.
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Unreduced Hessenberg matrices are non-derogatory matrices. This is
easily seen by a simple rank argument. In the following let H = H,, be
unreduced Hessenberg of size m X m,

rank(H — 01) > m — 1.
Many polynomials can be evaluated in case of Hessenberg matrices:

Theorem: The polynomial pj;, 1 < j has degree (i — 1)+ (m — j) and can
be evaluated as follows:

0I — H1:;—1 *
p;ii(0, H) = Riy1:5-1
0 0 — Hjt1:m
= (—U"xu,, ) [[diag(Hyj, —xa, ., (6).
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Denote by H(m) the set of unreduced Hessenberg matrices of size m x m.
The general result on eigenvalue — eigenvector relations can be simplified
to read:

Theorem: Let H € H(m). Let 1 < j. Let 0 be an eigenvalue of H with
multiplicity Kk + 1. Let s be the unique left eigenvector and s pe the
unigue right eigenvector to eigenvalue 6.

Then
keron /. XHyi 1 XHjq1:m ,
(-1)*5(D)s(5) = i O | T hag (8)
| XHl:m i [=i
holds true.

Remark: We ignored the implicit scaling in the eigenvectors imposed by
the choice of eigenvector-matrices, i.e. by ST's =1.
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Among these relations of special interest is the case of index pairs (i, m),
(1,m) and (1,m), (1,5):

k <. Xle 1 m- 1
(=" 3@)s(m) = | = @] 1] hg1p

XHlm ] =1

kv [ 1 | m—1
(=1)"3(1)s(m) = W(Q) L. hl—l—l,la

_XH1:m i (=1

Lo . XHj4i1:m ity

_XHlim i =1

These relations are used to derive relations between eigenvalues and one
eigenvector.

They are also of interest for the understanding of the convergence of
Krylov methods, at least in context of Krylov eigensolvers.
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Theorem: Let H € H(m). Let 0 be an eigenvalue of H. Then 5§ = 3

defined by non-zero 5(1) and the relations
56)  xm;_,(0)
5(1)  IIZY Py

is (up to scaling) the unique left eigenvector of H to eigenvalue 6.

V1i€Em,

Theorem: Let H € H(m). Let 6 be an eigenvalue of H. Then s defined
by non-zero s(m) and the relations

8(]) — XHj—l—l:m(Q)
s(m)  I[% ;49 hii—1

V j€m,

is (up to scaling) the unique right eigenvector of H to eigenvalue 6.

Since the polynomials remain unchanged, merely the eigenvalue moves,
this helps to explain convergence behaviour (even in finite precision).
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The derivation of the theorems proves that the last component of s and
the first component of sH are both non-zero.

Alternate (direct) proof by contradiction: s right eigenvector with last
component zero,

Hs =350, emn L s.

LLast row of H orthogonal to s. H is unreduced upper Hessenberg. This
implies e,,,_1 1L s. By induction all components are zero. The proof for
the left eigenvector is analogous.

These results are of interest in the understanding of the convergence.

Next we focus (shortly) on results important for backward error analysis.
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We can prove the following residual bounds:

Theorem: Let H € H(m). Split H = Hq-,, into

= < Hip x ) B (lek * )
1:m — = .
" hi+1ke1er  Hit1:m M Hpyq:m

Consider the prolonged right eigenvectors of the leading part Hy... as
approximate right eigenvectors of H. The residual is given by

Hy:p, x S1:k [ 51k T
1:k
M Hygy1:m 0 0

T
= hg41 k€k+1€k 51k
The prolonged left eigenvectors of the trailing part Hyyi., have the

residual
& — k+1: &
Sk+1:m M Hygi1:m tim Sk+1:m
~H T
= Nk4+1,65k+1:mC16k -
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Error Analysis Revisited

Error analysis often is based on loss of orthogonality (bi-orthogonality).
We introduce the matrix W, = QHQy.

Theorem: In a long-term recurrence the loss of orthogonality fulfils

Wit1Ck = Q141 AQk + QL1 Fie

In two coupled short-term recurrences the loss of orthogonality addition-
ally fulfils

CHWii1 = QHAQ1 + EH Q.

This implies the fundamental relation

QkHWk—l—l,k — Wi k110 = F'Q — Qi Fy.
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We transform these equations to a form, such that we can see the error
sources more clearly.

Theorem: In case of a long-term recurrence the relation

(Wit — Iit1)Cr = (Qf14Qk — Ck) + Qi1 Fi

holds true.

In case of two coupled short-term recurrences the relation

Cl Witk — Te1.6) — Wi k1 — Ik p+1)Ck = Cr — Cff + F' Qi — QF Fy,

holds true.
In infinite precision W, = I, Q¥ AQ, = Cy, Cf = Cy and F, = 0.

The Hessenberg structure enables an iteration of the loss of orthogonality
similar to the basis vector iteration.
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We re-order the matrix equations of the last slide. The newest quantity
IS brought to the left.

Theorem: The matrix expression of the loss of bi-orthogonality is given

by
Qi M, Qi AQy, — Q1 Q1O + Qi Fy,
(QILAQy, — C) — (W, — I,)Cy, + Qi Fy..

In two-sided methods the loss of bi-orthogonality fulfils
Qi My, — M'Q, = (Cff - ¢y)
+ CH(Wy — 1) — (W, — I)Cy
— (Qf m, - FfQy).

We state this as a recurrence on vectors as a corollary.
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Corollary: The loss of bi-orthogonality is governed by the vector recur-
rence

quk+1 — (QEA% — QkHQka T Qkak> Cl;—ll—l,k
= ((Qﬁfl% —cp) — (Wi — I)e + Qkak) Cht Lk

This is a recurrence on the columns of the matrix Wy, — Im.

In two-sided methods the loss of bi-orthogonality fulfils the vector recur-
rence

~H ~HAH ~H ~H ~H S H O\ 1
QL Qht-1 = (Ck Qr gk — Qp Qrer + @ fr — Fi ar + My, Qk) Cht1 k-

This is a recurrence on the columns of the matrix Wy, — I,,,. Analogously
we obtain a recurrence on the rows of Wy, — Im,.
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There are two well-known ways to proceed:
o additive splitting of W,
o multiplicative splitting of W,

We use the equation

(Wi41 — I+1)Cy QkH+1AAQk — O+ Q' Ry, A (9)
(C} ® Iyp1)vec(Wyy1 — Iry1) = vec(Qrl 1 AQy — Cy) + vec(Qf Fy).

When Q. = Qi (Arnoldi, symmetric Lanczos):
O control on the accuracy of computed moments ¢;; 70, i < j
o control on the accuracy of the normalisation

Additive split on vec(Wy41 — Ix41) =  measure local orthogonality.

As example consider Arnoldi:

number of unknowns: 1+24+---4+k+(k+1)
'small’ equations from (9): 14+24---4+k
equations from normalisation: k—+1
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For short-term methods (Lanczos) we use the additive splitting of
Wi = L + D + Ry,

into diagonal and strictly lower and upper part.

This splitting is inserted into
Qi My — Mj'Q), = (Cf - Ck:)
+ G Wy — I) — (Wi, — I) Cy
- (QkHFk - Fka) :
to obtain expressions on the loss of (bi-) orthogonality, based on the
computed Ritz pairs. Here CH2 =, i.e. C;, = T} is tridiagonal.

LLocal orthogonality is important for this type of analysis.

The analysis was first carried out by Paige for the symmetric Lanczos
method and by Bai for the non-symmetric Lanczos method.
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The multiplicative splitting approach does not distinguish between long-
term and short-term. The drawback is the strong assumption on Wy:

Suppose that W} can be triangular decomposed, W} = RkHRk. Then

Q' AQy, — Wi,C,, = QM — QilF,
RQHAQ R — RLCLR, Y = R PQEMR ' — R YQEF.R;?

Define CP>'™ = RyCy R, .
Remark: CkS‘m in all cases is Hessenberg, even for tridiagonal C,.

Define the exact oblique projection

(ot ) = (P AR, PP = (R QI AQLRr Y, R PwWi R ).

This proves that CkSim is a perturbation of CkexaCt.
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Theorem: The matrix Cy, is similar to C2'™, which is an additive pertur-
bation of CkexaCt, an exact oblique projection of A:

exact sim __ 5—H AH T H—1 S5—HAH —1
Ck - Oy = 1 kB @k k16 B — Ry Qp PRy,

"1 k+1
Ck+1.k ’_+

Tkk

T pHp p—1
el — PEF.R L.
Tk k+1

The deviation can be bounded normwise by

t | ~ 1 1 ~H ~H
1C7 = C"™Ml2 < IR, T2l R, Hll2ler+1 Q% ar+1ll2 — 1QF Frll2)

To obtain useful bounds we have to measure the growth factor of the
LR decomposition and the vector recurrence of the loss of orthogonality.

This type of analysis was carried out by Simon (symmetric Lanczos) and
Day (non-symmetric Lanczos). The analysis results in

semi-orthogonalisation and semi-duality techniques.
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The error analysis applies to all methods. No real backward results are
contained. The only backward result is the backward error analysis by
Greenbaum. Nevertheless, in her analysis is a substantiable gap between
proven and observed behaviour.

The re-orthogonalisation techniqgues are not easily adoptable to linear
system solvers.

The error analysis thus far was only considered with W, the matrix of
the loss of orthogonality. Part of the analysis is based on eigenvalues and
eigenvectors.

The (Q)MR methods would better be analysed in terms of the SVD. We
mention the analysis of GMRES by Rozloznik.
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It is possible to analyse the recurrence of the basis vectors g; instead of
the loss of orthogonality.

For simplicity we assume that the perturbed Krylov decomposition

My, = AQy — QrCy, + Fy,
is diagonalisable, i.e. that A and C}. are diagonalisable.

Theorem: The recurrence of the basis vectors in eigenparts is given by

~H ~H
Pk Chk4-1,kSkj N

This local error amplification formula consists of:

o the left eigenpart of g1 1: 9 qpa1,

0 a measure of convergence: @\z’ — Hj) 6ZHy]

o an error term: o} Fys;,
O an amplification factor: cgy1q kSk;-
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A € R100x100 normal, eigenvalues equidistant in [0, 1].

Floating point Arnoldi. Example (4a) — normal matrix

10~

|
=
o
T

- - — = — =

=
u
T

=
o
I
T

Absolute values in logarithmic scale
|_\
o

| — — real convergence

|| — estimated residual

-| —— actual eigenpart

- 1| sqrt(eps) | eps
| | |

H

OI
N
=}

-25[
0 10 20 30 40 50 60 70 80 90 100
Step number of floating point Arnoldi

10

Behaviour of CGS-Arnoldi, MGS-Arnoldi, DO-Arnoldi, convergence to
largest eigenvalue.
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A € R100x100 non-normal, eigenvalues equidistant in [0, 1].

Floating point Arnoldi. Example (4b) — non—normal matrix
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Behaviour of CGS-Arnoldi, MGS-Arnoldi, DO-Arnoldi, convergence to
largest eigenvalue.
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A = AT ¢ R100x100  random entries in [0, 1]. Perron root well separated.

. Floating point symmetric Lanczos. Example (5a) — non—negative matrix
10 T T T T T
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Behaviour of symmetric Lanczos, convergence to eigenvalue of largest
modulus.
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A = AT ¢ R100X100 " random entries in [0, 1]. Perron root well separated.

. Floating point symmetric Lanczos. Example (5b) — non—negative matrix
10 T T T T T T T

=
o
o

=
ol
a

|
=
o
T

=

OI
[N
(6]

Absolute values in logarithmic scale
|_\
o

— - real convergence |
—— estimated residual []
—— actual eigenpart
- 1] sqrt(eps) | eps |]

| |

[N
oI
N
o
T

10'25 i 1 1 1 1 1
0 10 20 30 40 50 60 70 80

Step number of floating point symmetric Lanczos

Behaviour of symmetric Lanczos, convergence to eigenvalue of largest
and second largest modulus.
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A € R100x100  7aro pelow fourth subdiagonal, randomly chosen between
[0, 1] elsewhere. A highly non-normal.

Floating point nonsymmetric Lanczos. Example (6a) — highly non—normal matrix
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largest modulus. Left deviation, right deviation and geometric mean
plotted.
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A € R100x100 " random entries in [0,1]. Perron root well separated.

Floating point nonsymmetric Lanczos. Example (6b) — non—negative matrix

[ — - real convergence
0t —— estimated residual
—— actual eigenpart ]
-~ attainable accuracy |
- 1] sqrt(eps) | eps
1 1

Absolute values in logarithmic scale
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o
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Step number of floating point nonsymmetric Lanczos

10

Behaviour of non-symmetric Lanczos, convergence to eigenvalue of largest
modulus.
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The formula depends on the Ritz pair of the actual step. Using the
eigenvector basis we can get rid of the Ritz vector:

k
I=581=588" = ¢=85%¢=) 3s;

Theorem: The recurrence between vectors g; and g4 IS given by

k k -
Ck+1,kSkjSIj | 1 S1;
_ Ia |
LZ N — 0, ] V; Qp+1 = U, qz-l-v kLZ (M—Q')Sj]

For | = 1 we obtain a formula that reveals how the errors affect the
recurrence from the beginning:

k k -
Ck+1,kSkjS1j | ~H ~H S1j
— F |
LE: N 0, ] V; Q41 = U, CJ1—|-'U kLE (Ai_0>8]]
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Interpretation: The size of the deviation depends on the size of the first

component of the left eigenvector §j of (', and the shape and size of the

right eigenvector Sj-

Next step: Application of the eigenvector — eigenvalue relation

~/ - . XH 11— XH; m t,
(~DF5(@s() = | —EA O | T hugra
XHl:m [=i

Theorem: The recurrence between basis vectors g1 and gg41 Can be

described by
k < $1j >S]
Z \ — 6. J
=1 { J

k
Lz’“: [1F—1 cpt1p

ol =g, +oH
— Hs#j <93 — Qj) ()\Z- — 93,) Vi qk41 v; q1 + v; Fy, L
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A result from polynomial interpolation (Lagrange):

k 1 _ 1 b Tl (A — 6))
jgl [T (Qj — 9z) ()\z' — 99') xc;, (Ai) ;::1 115 <9j — 9l)
1
xo, (A)

Thus the following theorem holds true:

Theorem: The recurrence between basis vectors g1 and gi41 Can be
described by

N xcy, (Ai) . . u 51
O Qg1 = = (%HCM_I-U@HFk LZ (A-—]H' il |-
1

szl Cp+1,p =1 J
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] in the error term:

< . z
T i S1j | — i Sljslj L Hp:]_ Cp+1,pXCl_|_1:k(>\i)
“ N —06.) 7|~ N —0.)

—1 J j=1 ] XCk(Ai)

Similarly we can get rid of the eigenvectors s

This results in the following theorem:

Theorem: The recurrence between basis vectors g1 and gg41 Can be
described by

[ .
~H . XC}, (AZ) ~H ~H i Hp:]_ Cp—l—l,pXCl_|_1:k(>\z)
U Qk+1 = —% v; q1 + v = fi
szl Cp+1,p =1 XCk( i)
o xo,(N) g i XCH-l:k()‘i) ~H
= Tk biait ) | ox v fi ] -
[Ir—q1 cpt1p —1 \Ulp=141p+1p
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Multiplication by the right eigenvectors v; and summation gives the fa-
miliar result

Theorem: The recurrence of the basis vectors of a finite precision Krylov
method can be described by

XC (A) XC (A)
Q1= =3 Q1‘|‘Z< L fr]-
[I5—1cpt1p = \IIE p=I4+1Cp+1p

This result holds true even for non-diagonalisable matrices A, C.

The method can be interpreted as an additive mixture of several instances
of the same method with several starting vectors.

A severe deviation occurs when one of the characteristic polynomials
XCl—l—lzk(A) becomes large compared to x¢, (A).
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Open Questions

o Can Krylov methods be forward or backward stable?

o If so, which can?

o Are there any matrices A for which Krylov methods are stable?

0 Does the stability depend on the starting vector?
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