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Outline.

OR and QOR (Krylov Subspace) Methods

Finite Precision Issues

Inherent Characteristics:
— "“best iterates”
— "“best errors”
— "“basis vectors”
— “best residuals”

Examples:

— CG (Omin), BIiCG (Biomin)
— Orthores and Ores
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OR and QOR (Krylov Subspace) Methods.

O Lanczos based methods (short—term methods)
o Arnoldi based methods (long—term methods)

O eigensolvers: Av = v

O linear system solvers: Az = b
o (quasi-) orthogonal residual approaches: (Q)OR
o (quasi-) minimal residual approaches: (Q)MR

Extensions:
O Lanczos based methods:
o look-ahead
o product-type (LTPMs)
o applied to normal equations (CGN)
o Arnoldi based methods:
o restart (thin/thick, explicit/implicit)
o truncation (standard/optimal)
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Krylov method: compute approximations from Krylov subspace

Km = Km(A, q) =spaniq, Ag, ..., Am_lq}, Km =g, Aq, ... ,Am_lq]

All Krylov methods based on Hessenberg decomposition

AQm = QmCm,
AQr = Qpy1Cr = QrCL + Qk—l—lck—l—l,ke% VkE<m

of Krylov subspace (C} Hessenberg).
Linear system context: Az = rqg, ¢ = q1 = ro/||r0oll-
kth approximation z; € K;. for z = A~ 1ry expressed in terms of new basis:

k
Tk = Qr2k, 2 € K.

Task: find computable expression for zj.
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Essentially two approaches: (Q)OR and (Q)MR.

Observe

AQpzy, — Qrellroll
Qr(Crzr — e1llroll) + qr41¢k+1 k2kk-

—r = Az — 10

Q7! defined by partition of pseudo-inverse:

NH

Q
Q};+1Qk+1 = <AH’“ ) [Qk,qm-l] = lpy1
Te+1

Apply Qi to the left:

~H
—Qp rr = Crz, — e1]|rol|-

When possible, set z;, = Ck_lel||fr0||:
= annihilate projected residual.
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Reason for notion (quasi)-orthogonal residual method, (Q)OR.

Galerkin approach. Project linear system onto smaller linear system:
(A,70) — (AQp, Qxllrolle1)
— (QF AQy, Qf Qlliroller) = (Cy lIroller),

= second matrix Qi (bi)orthogonal to Q.

(Q)OR related to small square matrix Cj.

Variety of (Q)OR methods:

OR (Q; = Qp, Bubnov-Galérkin): FOM, Orthores, CG-Ores, CG-Omin,
CG-Odir, SymmLQ

QOR (Qi # Q. Petrov-Galérkin): Biores, Biomin, Biodir, QOR
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(Q)OR relies on iterated solution of small systems with system matrix C,.
Hessenberg structure of ;. admits computation of decomposition along
with computation of coefficients.

Example: LR decomposition

Cr = BrRg, cp41 k= bpa1 kTkk-
B;. bidiagonal since (. Hessenberg. Matrix of direction vectors Pp, =
QmR;zl. Split Hessenberg decomposition:

APpn = QmBm,
AP, = QrBr+ Qk—i—lbk—l—l,ke% vV k <m.

Split Hessenberg decomposition and Q; = P.R; define two coupled re-
currences.

Methods based on LR (LDLT, LDMT): CG-Omin, Biomin (BiCQG)
Methods based on QR (LQ): FOM, SymmLQ, QOR
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Finite Precision Issues.

Finite precision analog of Hessenberg decomposition:

AQp — QrCl = My—F, M = Q-1Ck+1,kC% -
Error term F;. depends on method and implementation.

Orthores, Ores and Biores:

|fxl < lAllak] + 79| Qr+1llckl, g = nnz(cy).

Omin, Biomin:
—F, = AR 4 p [ 1000),

(P) errors from direction vector recurrence,
(R) errors from residual recurrence,
L;. certain bidiagonal matrix, C,go) scaled Hessenberg.

Some methods: a priori bound, often: only a posteriori bounds possible.
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Inherent Characteristics.

Inherent: We suppose no errors made in solution of small systems, i.e.,
we think of “best solution” possible with information at hand.
Characteristics: Behaviour common to all (Q)OR methods, indicators of
potential drawbacks and traps.

Assumption: A, ('} diagonalisable.

Notation: Eigendecompositions defined as
AV = VA, vH VL, v
CLS, = SpOy, SH i ST
Characteristic polynomials: x¢, (z) = det(z] — Cy).

V—l
-1
Sk

Toolkit: Lagrange, Hessenberg eigenvalue-eigenvector-relations (i < j)

—1
Xc, (01)

Si1Sj1 =
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Inherent Characteristics: “best iterates’.

Diagonalised (slightly re-written) form of AQi — Qi.C, = M, — F}.:

A — 0 1
6{{(1k—|—1 — 67{{@]{ : J Sj —I— ?’J\,;HF}C S‘7
Ck+1,kSkj Ck+1,kSkj

“Best solution” coefficients in terms of Ritz values and Ritz vectors:

2k —1 —1&T
froll T kLT ROk Sk
k5 ko (c 51iSkq A, — 0
_ Z ﬁsj — Z ( k+1,k°1j kj) ( 7 J )S]
=19 =1\ i —05) 05 ) \Chp1 15k

Thus “best iterate” defined by

R (k1 k515K A — 05
Z Qk Sj .
||fro|| =1\ (Mi—0;)0, Ch+1,k5k;]

Lk

Imoll

= Qg
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Theorem: Expression for (left) eigenpart of “best iterate”:
~H k

- L -
v;TxE Ck+1,kS155kj | ~H ~H ( 51j )
= V; Q1 — V; Pl si| .
7ol L; wejwj] P LZ (X = 0)0; ’]

=1

Interpretation based on Hessenberg EER:

(Ai —65)0; ’

= =1 =1 Xc, (05)(Xi — 05) 6

Lagrange interpolation of z—1 at knots 6;, j € k.

k

T, 14 k 6.)
51550 . 1 . XC£+1:I<:( J
2 0y, = et (Z ;

j=1 =1 j=1 X/Ck(ej)()‘i —0j) J

Lagrange interpolation of z—! weighted by XCpyq (07
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Inherent Characteristics: ‘“best errors’.

Similar expression for error x — xy.:

o (z—a) = 08A g — ||rg||@Hkazf
Irollaf Qr(A\ e — Cpt) e

Representation in terms of Ritz vectors Sj:

N —Ct)er = (SA18T - 59,18 ) e

Ek: 51, 815\
. — . Sj.
. N, 0

1=1 J

T hus, we obtain

~H( L -
v, (:E Zlfk) — 772HQk Z < Sl]) S
||TO|| ]:]_ 6]
k
H Ck+1,k5155k Ai — 0;
= VO Zl ( (0—0; §A ]> (Ck—lz—l kSJk'> K
J— ’ J
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Theorem: Expression for (left) eigenpart of “best error”:

o (z — xy,) _ Ek: Cht1.k5155kj | O a1 B o1 Fy, Ek: 51 .
0—6,; A Aj 0-0;) 7|

7ol =1 =1 j

Reformulation again based on Hessenberg EER:

~ k k
Zk: Cht1,k5155k) _ Zk: Mp=1p+1p  _ Ilp=1%+1p
/ .
j=1 0-0; =1 X, (6;)(0 — 6;) xc, (0)
_ -1
Ek: 515514 — Ek: (Hp:l CP+17P) XCZ+1:k(9j>
=1 0-0; =1 X, (0;)(0 — 65)

[—1
(szl Cp—l—l,p) XCH—l:k(O)
xc,,(0)
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Inherent Characteristics: “basis vectors”.

Influence of errors f; on the computed “basis” vectors given by

XC41.4(0) ( o f) )
Hk—z+1 Cpt-1,p \ANCI41,]

5 qp1 1 _ xc,, (0) (’?Jfl(fc — 5%)) n Z

N IFeicprip \ ol

Mixture of Krylov methods:

k
1 __ Xc (0) L — Ik
ATk = ( ) t
p:]. Cp+17p

XCZ—I—l'k(O) (A_lfl>

Cl4+1,1

In terms of residual vectors:

Q41 = xc, (0) (T >+Z

1 cpr1,p Aol

XCZ—I—lk:(O) ( J1 )
Hk—z+1 Cp+1,p \C+1,1
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Inherent Characteristics: ‘“best residuals’.

The kth true error x — x;, is composed of two terms, namely

k [—1
r—x,  llp=1%+1p 1 E(TT52 cpt1.) X, (0)
= A7 g1 — >

ALl
[roll xc,,(0) =1 xc,,(0) fl]

This implies that the true residual r;, can be expressed by

k -1
e Mp=1Gtip i (= e+ 1) X1 ()
ol xc,,(0) =1 xc,,(0)

= stopping criteria based on characteristics of (', and size of fj.

Idea: model error behaviour by (one) Krylov method.
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Examples.

Orthores and Orthomin variants are based on scaled Hessenberg decom-
positions:

eTQm:O, 62(1,,1)T

(Orthores directly, Orthomin based on split Hessenberg decomposition.)

This implies:
k

xc,(0) = [ co41¢ VYV E<m.
(=1

(follows by induction; similar to Hyman’'s computation of determinant)

Very pleasant feature:
holds true in finite precision: Orthomin variants.
holds approximately true: Orthores variants.
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Examples: CG (Omin), BiCG (Biomin).

Formula for true residual:

k -1
=161 z’“: (=1 @+ 1.0) XCppn 10,
[roll xc, (0) =1 xc, (0)

Due to underlying nice feature:

qk_l_l _ T _ zk: XC]_Z 1(O)XCH_1 k(o)fl
Irol =1 X, (0)
k
- Z:( )zzfl'
Computable bounds (twisted factorisation?):
k
Tk —1 —1
o —awrl = 13 (Ci 1) Al < tricgt| - max il
=1
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Examples: Orthores and Ores. T'"4+ cA, 0 = 0.0

Finite Precision Behaviour of Ores

10 T T T T
—— Orthores: computed residual
-— - Orthores: true residual
—— Ores: computed residual
100 -— - QOres: true residual
—— Ores: mimicked error

— - Deviation: maxsing (1)

Quantities in Logarithmic Scale

-30 l l l l

0 50 100 150 200 250
# Steps = # Columns of Matrices
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Examples: Orthores and Ores. T4+ cA, c = 0.1

Finite Precision Behaviour of Ores

10 T T T T
—— Orthores: computed residual
-— - Orthores: true residual
—— Ores: computed residual
10° .. e -— - QOres: true residual
—— Ores: mimicked error

— - Deviation: maxsing (3)

Quantities in Logarithmic Scale

10 | | | |
0 50 100 150 200 250

# Steps = # Columns of Matrices
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Examples: Orthores and Ores. T'4+ cA, c = 0.2

10

10

Finite Precision Behaviour of Ores

—— Orthores: computed residual

Orthores: true residual

—— Ores: computed residual

Ores: true residual
Ores: mimicked error
Deviation: maxsing (5)
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Examples: Orthores and Ores. T'4+cA, 0= 1.0

Finite Precision Behaviour of Ores

10 N '
—— Orthores: computed residual
-— - Orthores: true residual
107 — Ores: computed residual H
fffffffff -— - Ores: true residual
******************* —— Ores: mimicked error
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