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abstraction

Merriam-Webster Online: abstraction (noun)

@ a: the act or process of abstracting : the state of being
abstracted b : an abstract idea or term

@ absence of mind or preoccupation
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Merriam-Webster Online: abstraction (noun)
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abstraction

Merriam-Webster Online: abstraction (noun)
@ a: the act or process of abstracting : the state of being
abstracted b : an abstract idea or term
@ absence of mind or preoccupation
© abstract quality or character

© a: an abstract composition or creation in art b :
abstractionism
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abstraction

Merriam-Webster Online: abstraction (noun)
@ a: the act or process of abstracting : the state of being
abstracted b : an abstract idea or term
@ absence of mind or preoccupation
© abstract quality or character
© a: an abstract composition or creation in art b :
abstractionism

We aim at 1a (possibly 3 and 4a), not 2.
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abstract

Selected definitions for “abstract”

Merriam-Webster Online: abstract (verb)

@ to consider apart from application to or association with a
particular instance
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abstract

Selected definitions for “abstract”

Merriam-Webster Online: abstract (verb)

@ to consider apart from application to or association with a
particular instance

Merriam-Webster Online: abstract (adjective)

© a: disassociated from any specific instance
@ expressing a quality apart from an object
© a: dealing with a subject in its abstract aspects
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perturbed KRYLOV methods

We consider perturbed KrRYLOV subspace methods that can be
written in the form

AQk = Qu41Cy—Fy, (1a)
Qk+1Cy = QkCy + My, (1b)
M = Ok+1Ck+1k€} - (1c)
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perturbed KRYLOV methods

We consider perturbed KrRYLOV subspace methods that can be
written in the form

AQk = Qu41Cy—Fy, (1a)
Qk+1Cy = QkCy + My, (1b)
M = Ok+1Ck+1k€} - (1c)

We refer to the set of equations (1) as a perturbed KrRyLov
decomposition.
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the main actors

In the perturbed KrRYLOV decomposition:

@ A € C"™" is the system matrix from

Ax =Db or AV = V)
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the main actors

In the perturbed KrRYLOV decomposition:

@ A € C"™" is the system matrix from
Ax =b or Av =V

@ Qg € C"™k captures the “basis” vectors constructed
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the main actors

In the perturbed KrRYLOV decomposition:

@ A € C"™" is the system matrix from
Ax =b or Av =V

@ Q € C"*K captures the “basis” vectors constructed
@ C, € C**Kis unreduced upper HESSENBERG
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the main actors

In the perturbed KrRYLOV decomposition:

@ A € C"™" is the system matrix from
Ax =b or Av =V

@ Q € C"*K captures the “basis” vectors constructed
@ C, € C**Kis unreduced upper HESSENBERG
e C, € Ck+1)xk s extended upper HESSENBERG
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the main actors

In the perturbed KrRYLOV decomposition:

@ A € C"™" is the system matrix from
Ax =b or Av =V

@ Q € C"*K captures the “basis” vectors constructed
@ C, € C**Kis unreduced upper HESSENBERG
e C, € Ck+1)xk s extended upper HESSENBERG

@ F, € C"™*k is zero or captures perturbations (due to finite
precision, inexact methods, both, ...)
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@ given: Ae C"™"andq, e C"
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crucial assumptions

@ given: Ae C"™"andq, e C"
@ computed: unreduced HESSENBERG Cy € Ck*K
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crucial assumptions

@ given: Ae C"™"andq, e C"
@ computed: unreduced HESSENBERG Cy € Ck*K
@ unknown: properties of the “basis” Qg
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crucial assumptions

@ given: Ac C"™"andq; € C"

@ computed: unreduced HESSENBERG Cy € Ck*K
@ unknown: properties of the “basis” Qg

@ “measurable”: the perturbation terms Fy
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crucial assumptions

@ given: Ae C"™"andq, e C"
@ computed: unreduced HESSENBERG Cy € Ck*K
@ unknown: properties of the “basis” Qg
@ “measurable”: the perturbation terms Fy
We treat the system matrix A, the starting vector q; and the

perturbation terms {fi}_; as input data and express everything
else based on the computed Cy.
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ARNOLDI

In the ARNOLDI method:

@ A € C"™"is a general matrix
@ Qy € C"*k has orthonormal columns
@ Cy € C**k js unreduced HESSENBERG
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ARNOLDI

In the finite precision ARNOLDI method:

@ A € C"™"is a general matrix

@ Qy € C"*K has “approximately” orthonormal columns
@ Cy € C**k js unreduced HESSENBERG

@ F € C™K is “small”

(ask Miro about the details :- )
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ARNOLDI

In the inexact ARNOLDI method:

@ A € C"™"is a general matrix

@ Qy € C"*k has orthonormal columns
@ Cy € C**k js unreduced HESSENBERG
@ F, € C"k is “controlled by the user”
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ARNOLDI

In the finite precision inexact ARNOLDI method:

@ A € C"™"is a general matrix

@ Qy € C"*K has “approximately” orthonormal columns
@ Cy € C**k js unreduced HESSENBERG

@ Fy € C" is “small” plus “controlled by the user”
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LANCZOS

In the LANCZ0OS method:

@ A € C"™"is a general matrix
@ Qi € C"K has bi-orthonormal columns
@ Cy € C**kjs unreduced tridiagonal
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LANCZOS

In the finite precision LANCzOSs method:

@ A € C"™"is a general matrix

@ Qy € C"™K has “locally” bi-orthonormal columns
@ Cy € C**kjs unreduced tridiagonal

@ F € C™K is “small”

The error terms may grow unbounded . ..
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LANCZOS

In the inexact LANCz0OS method:
@ A € C"™"is a general matrix
@ Qi € C"K has bi-orthonormal columns
@ Cy € C**kjs unreduced tridiagonal
@ F, € C is “controlled by the user”
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LANCZOS

In the finite precision inexact LANCzOsS method:

@ A € C"™"is a general matrix

@ Qy € C"™K has “locally” bi-orthonormal columns
@ Cy € C**kjs unreduced tridiagonal

@ F, € C is “small” plus “controlled by the user”

The error terms may grow unbounded . ..
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power method

In the power method:

@ A € C"™"is a general matrix
@ Qg € C"™K has nearly dependent columns
@ Cy € Ck*k s nilpotent unreduced HESSENBERG

Columns of Qg may be dependent from the beginning.
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power method

In the finite precision power method:

@ A € C"™"is a general matrix

@ Qg € C"™K has nearly dependent columns

@ Cy € Ck*k s nilpotent unreduced HESSENBERG
@ Fy € C™ is “small” compared to Qy

Columns of Qg may be dependent from the beginning.
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a rather silly method

Consider any v # 0 such that Av = v with A # 0

@ A € C"™*" is a general matrix not identical zero
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a rather silly method

Consider any v # 0 such that Av = v with A # 0

@ A € C"™*" is a general matrix not identical zero
® Q=[v,...,v] eC™xk
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a rather silly method

Consider any v # 0 such that Av = v with A # 0

@ A € C"™*" is a general matrix not identical zero
® Q=[v,...,v] eC™xk
@ C, € Ck*k should be unreduced HESSENBERG
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a rather silly method

Consider any v # 0 such that Av = v with A # 0

@ A € C"™*" is a general matrix not identical zero
® Q=[v,...,v] eC™xk
@ C, € Ck*k should be unreduced HESSENBERG

Set .
_ (%1 O
Ci = <)\|k—1 )\ek_1> (2)
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a rather silly method

Consider any v # 0 such that Av = v with A # 0

@ A € C"™*" is a general matrix not identical zero
® Q=[v,...,v] eC™xk
@ C, € Ck*k should be unreduced HESSENBERG

Set .
_ (%1 O
Ci = <)\|k—1 )\ek_1> (2)

Then AQk = Qka.
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eigenmatrices et al.

JORDAN form, eigenmatrices:

AV =VJn,  CySk = SiJe. 3)
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eigenmatrices et al.

JORDAN form, eigenmatrices:
AV = V,, CkSk = SkJe. 3)

left eigenmatrices:

Il
<
=~
Il
wn
~
AN
—
N
N—r

JH —\7T -1 &H
Vh=vT=v-1 &
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eigenmatrices et al.

JORDAN form, eigenmatrices:
AV = V,, CkSk = SkJe. 3)
left eigenmatrices:

vH=vT =v1 ékH = é;

St (@)
JORDAN matrices (, boxes) and blocks:

IN=@J\, =B, Jo=®Jg. (5
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eigenmatrices et al.

JORDAN form, eigenmatrices:
AV = VJ,, CkSk = SkJoe. 3
left eigenmatrices:
v =vT =v-1 ékH Eég ESk_l. 4
JORDAN matrices (, boxes) and blocks:
IA=a8d\, =8, Jo=&J. (5)
partial eigenmatrices:

V=03V,, Vy=0V,, Sk =®Syp. (6)
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characteristic matrix et al.

characteristic matrices:

N=z1-A,  2Cy =zl — Ck. @)

Jens-Peter M. Zemke Abstract Perturbed Krylov Methods



Getting started the name of the game
a few examples
basic notations
HESSENBERG structure

characteristic matrix et al.

characteristic matrices:
A=zl - A, ZCx =zl — Cx. 7

the adjugate:
P(z) = adj(*Cx). (8)
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characteristic matrix et al.

characteristic matrices:
A=zl - A, ZCx =zl — Cx. 7

the adjugate:
P(z) = adj(*Cx). (8)

characteristic polynomials:

Xc, (z) = det(*Cy), xc,(z) =det(*Ciy).  (9)
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characteristic matrix et al.

characteristic matrices:
A=zl - A, ZCx =zl — Cx. 7

the adjugate:
P(z) = adj(*Cx). (8)

characteristic polynomials:

Xc, (z) = det(*Cy), xc,(z) =det(*Ciy).  (9)

reduced characteristic polynomial:

xc (2) = (z2 = 0)*w(z). (10)
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HESSENBERG eigenvalue-eigenmatrix relations

Definition (off-diagonal products)
We denote the products of off-diagonal elements by

|
Cij = Hz:i Cot1,0- (11)
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HESSENBERG eigenvalue-eigenmatrix relations

Definition (off-diagonal products)
We denote the products of off-diagonal elements by

|
Cij = Hz:i Cot1,0- (11)

Definition (polynomial vectors v and v)

We define vectors of (scaled) characteristic polynomials by

k

Y(2) = (><ill+:;:k(f)>|:1’ A2 <XC|1(Z)> :(:1. 42

C1:-1
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HESSENBERG eigenvalue-eigenmatrix relations

Definition (matrices of derivatives)

We define rectangular matrices collecting the derivatives by

i pla=1)
So-1(0) = [1/(9), V' (6), 2(9) JELE o :L()el)] (13)

a1 2 ,V(G),ﬁ(&)] (14)
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HESSENBERG eigenvalue-eigenmatrix relations

Definition (matrices of derivatives)
We define rectangular matrices collecting the derivatives by

1/”(0) l/(afl) (9)

(a_l)!] (13)

a1 2 ,V(G),ﬁ(&)] (14)

Observation
These matrices gather complete left and right JORDAN chains.

Jens-Peter M. Zemke Abstract Perturbed Krylov Methods




Getting started the name of the game
a few examples
basic notations
HESSENBERG structure

HESSENBERG eigenvalue-eigenmatrix relations

Theorem (HEER)
HESSENBERG eigenmatrices satisfy

P(e=1)(p)

1) =Spw(39) S) = Crk-1Sa-1(0)Sae(8)T. (15
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HESSENBERG eigenvalue-eigenmatrix relations

Theorem (HEER)
HESSENBERG eigenmatrices satisfy

P(e=1)(p)

1) =Spw(39) S) = Crk-1Sa-1(0)Sae(8)T. (15

Proof based on comparison of TAYLOR expansions of the
adjugate P(z) as inverse divided by determinant and the
polynomial expression for the adjugate in terms of
characteristic polynomials of submatrices (Zemke 2004,
submitted to LAA). Ol
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HESSENBERG eigenvalue-eigenmatrix relations

Lemma (HEER)

We can choose the partial eigenmatrices such that

elSy = el (W), (16a)
Sp e = Cri—1Xc, ., (Jo) €1 (16b)

Tailored to diagonalizable Cy:

XCyi_1 (01 )c £—1XCp iy ('9] )

&Sy =
o xe, (6)

Vi< (17)
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e The results ...
@ “basis” transformations
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“basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

basic definitions

Definition (basis polynomials)

We define the (trailing) basis polynomials by
Xc, (2 5
Bu(z)= Xy @), (19)
C1:k
z
Biiik(z) = Xeru(®) _ G u(z), Yl=1,....k. (19
Cl+1:k Ck+1,k
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“basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

basic definitions

Definition (basis polynomials)

We define the (trailing) basis polynomials by

X pA .
B(z) = X% _ L), 18)
C1.k
Z C
Bii1x(z) = ch::llji(k ) _ Ck'i:( v(z), vI=1,...,k. (19)

Observation

The trailing basis polynomials are the basis polynomials of the
trailing submatrices C 1.
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“basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

“basis” vectors

Theorem (the “basis” vectors)

The “basis” vectors of a KRYLOvV method are given by

Ok+1 = Br(A)ay : (20)
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“basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

“basis” vectors

Theorem (the “basis” vectors)

The “basis” vectors of a perturbed KRyLOv method are given by

k

k1 = Be(A)a1 + > Birax(A)
I=1

fi
Cit1)

(20)
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“basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

“basis” vectors

Theorem (the “basis” vectors)

The “basis” vectors of a perturbed KRyLOv method are given by

k

k1 = Be(A)a1 + > Birax(A)
I=1

fi
Cit1)

(20)

Observation

The perturbed “basis” vectors can be interpreted as an additive
overlay of exact “basis” vectors.
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“basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

a rough sketch of a short proof

Introduce variable z:

Mk = Qk(zl — Ck) + (21 — A)Qk + F
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“basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

a rough sketch of a short proof

Introduce variable z:

Mk = Qk(zl — Ck) + (21 — A)Qk + F
Myadj(*Cx) = Quxc, (z) + (zI — A)Qkadj(*Cx) + Fradj(*Cy).
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“basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

a rough sketch of a short proof

Introduce variable z:

Mk = Qk(zl — Ck) + (21 — A)Qk + F
Myadj(*Cx) = Quxc, (z) + (zI — A)Qkadj(*Cx) + Fradj(*Cy).

HEER: adj(*Cy)e1 = C1x_1(2).
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“basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

a rough sketch of a short proof

Introduce variable z:

Mk = Qk(zl — Ck) + (21 — A)Qk + F
Myadj(*Cx) = Quxc, (z) + (zI — A)Qkadj(*Cx) + Fradj(*Cy).

HEER: adj(*Cy)e1 = c1x_17(2). Insert A into

dixc, (2)

+ (zl = A)Qxr(z) + Fxr(2). O
Cik-1

Ck+1kOk+1 =
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“basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

a closer & deeper look

Theorem (the “basis” vectors revisited)
Let Cy be diagonalizable and suppose that A # 6; for all j:

k

Clk ~H ~H
i | Mgy = gy
J; X, (6)(A — ) i
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“basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

a closer & deeper look

Theorem (the “basis” vectors revisited)

Let Cy be diagonalizable and suppose that A # 6; for all j:

k

Clk ~H ~H
i | Mgy = gy
J; X, (6)(A — ) i

k k ~
Craxc (0) | VP
+
2 (2 X, (0)(A = 6))

Clta,
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“basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

a closer & deeper look

Theorem (the “basis” vectors revisited)

Let Cy be diagonalizable and suppose that A # 6; for all j:

k
Clk ~H ~H
Ty o |V k1 =V A
; Xe, (6)) (A — ;) +
+ zk: zk: Cl:IXCHl:k(Hj) v,
=1 \j=1 Xe, (6)(A = 6;) | Ciyay

Generalization to the non-diagonalizable case exists.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

Outline

e The results ...

@ eigenvalue problems
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

eigenvalues, JORDAN block, partial eigenmatrix

Unreduced HESSENBERG matrices Cy are non-derogatory.

In the following,

The matrices are such that

CkSyp = SyJy, Wwhere Jye Coxe, (21)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

eigenvalues, JORDAN block, partial eigenmatrix

Unreduced HESSENBERG matrices Cy are non-derogatory.

In the following,
(generic) eigenvalue: denoted by 6 = 9(K),

The matrices are such that

CkSyp = SyJy, Wwhere Jye Coxe, (21)

Jens-Peter M. Zemke Abstract Perturbed Krylov Methods



basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

eigenvalues, JORDAN block, partial eigenmatrix

Unreduced HESSENBERG matrices Cy are non-derogatory.

Notations

In the following,
(generic) eigenvalue: denoted by 6 = 9(K),
(algebraic) multiplicity: denoted by oo = (),

The matrices are such that

CkSyp = SyJy, Wwhere Jy e Coxe, (21)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

eigenvalues, JORDAN block, partial eigenmatrix

Unreduced HESSENBERG matrices Cy are non-derogatory.

Notations

In the following,

(generic) eigenvalue: denoted by 6 = 9(K),
(algebraic) multiplicity: denoted by oo = (),
JORDAN block: denoted by Jy = Jék),

The matrices are such that

CkSy = SyJy, Wwhere Jye Coxe, (21)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR
linear systems: (Q)MR

eigenvalues, JORDAN block, partial eigenmatrix

Unreduced HESSENBERG matrices Cy are non-derogatory.

Notations

In the following,

(generic) eigenvalue: denoted by 6 = 9(K),
(algebraic) multiplicity: denoted by oo = (),
JORDAN block: denoted by Jy = Jék),

partial eigenmatrix: Sg = Sék).
The matrices are such that

CkSy = SyJy, Wwhere Jye Coxe, (21)

Jens-Peter M. Zemke Abstract Perturbed Krylov Methods



basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

RITZ pairs, R1Tz residuals

Definition (RiTz pair)

Define RiTz pair by

(Jo, Yo = QxS). (22)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

RITZ pairs, R1Tz residuals

Definition (RiTz pair)
Define RiTz pair by

(Jo, Yo = QxS). (22)

Not necessarily a “true” RITz pair, since there need to be no
RITZz projection associated with it.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

RITZ pairs, R1Tz residuals

Definition (RiTz pair)
Define RiTz pair by

(Jo, Yo = QxS). (22)

Not necessarily a “true” RITz pair, since there need to be no
RITZ projection associated with it.

Observation
A backward expression for the RiTz residual is given by

AYg — YoJg = Gk+1Ck+1kE¢% So — Fk S (23)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

R1TZ residuals (generic case)

Theorem (generic RITZ residuals)

The RiTz residual for an (arbitrarily chosen) RiTz pair:

A
AYy —YgJg = <Xck()> d1€x So
Ci:k

Clk—1

I Z <XC|+1|< > ﬁeISg = f|e|T89. (24)

V.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

R1TZ residuals (generic case)

Theorem (generic RITZ residuals)

The RiTz residual for an (arbitrarily chosen) RiTz pair:

A
AYy —YgJg = <Xck()> d1€x So
Ci:k

Clk—1

Backward expression and Theorem on the “basis” vectors. [
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

R1TZ residuals (special case)

Use (unique) choice for the partial eigenmatrix Sy (HEER):

Theorem (special RITZ residuals)

The RITZz residual for the special partial eigenmatrix from
HEER is given by

AYy — Ypdg = xc, (A)are]

k
+) cria (XCHM (AYfie] —fie] XCHM(Ja))- (25)
=1
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

bivariate adjugate polynomials

Definition (bivariate adjugate polynomials)
We define the bivariate adjugate polynomials by

(XCk(O) - Xck(Z)) (0 - Z)ilv z 7é 0,
Z=0.

Xc, (2); 0 (26)

Ay (6,2) E{

Trailing bivariate adjugate polynomials A, 1. are defined using
Cii1k inplace of Cy, 1 =1,... k.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

bivariate adjugate polynomials

Definition (bivariate adjugate polynomials)
We define the bivariate adjugate polynomials by

Ac(8,2) = { (xc () — xc(2)) (0 —2) 71, i i gi

Xc, (2); 0 (26)

Trailing bivariate adjugate polynomials A, 1. are defined using
Cii1k inplace of Cy, 1 =1,... k.

Observation

Even with an eigenvalue 0: Ay (0, Cy) = adj(flx — Cx) = P(6).
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

RITZ vectors

Theorem (the RITZz vectors)

The RITZ vectors of a KRYLOV method are given by

vedYyp) =
A (6,A)
AL (0,A)
: o[ . (27)
ACD(0.A)
(a—1)!

(derivation with respect to “shift” 9)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

RITZ vectors

Theorem (the RITZz vectors)

The RITZ vectors of a perturbed KrRYLOV method are given by
vedYy) =
Ak (6,A) A1k (6, A)
'A,k(eaA) k I/+1:k(97 A)
; G+ ) Cui-1 : fi. (27)
A0, = AT 6.

(—1)! (o —1)!

(derivation with respect to “shift” 9)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: basics

The proof utilizes the following general aspects:
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: basics

The proof utilizes the following general aspects:

@ The adjugate of a matrix is defined as matrix of cofactors.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: basics

The proof utilizes the following general aspects:

@ The adjugate of a matrix is defined as matrix of cofactors.

@ The adjugate is linked to eigenvectors and, more general,
principal vectors.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: basics

The proof utilizes the following general aspects:

@ The adjugate of a matrix is defined as matrix of cofactors.

@ The adjugate is linked to eigenvectors and, more general,
principal vectors.

@ The adjugate is linked to the inverse and the determinant.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: basics

The proof utilizes the following general aspects:

@ The adjugate of a matrix is defined as matrix of cofactors.

@ The adjugate is linked to eigenvectors and, more general,
principal vectors.

@ The adjugate is linked to the inverse and the determinant.

The problem: the definition of the bivariate adjugate
polynomials given here is not “adequate”, we need another
form.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: HESSENBERG basics

To derive this peculiar form we use the first adjugate identity:

Lemma (first (HESSENBERG) adjugate identity)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: HESSENBERG basics

To derive this peculiar form we use the first adjugate identity:

Lemma (first (HESSENBERG) adjugate identity)

First adjugate identity:

(z — 9)adj(*A)adj(?A) = det(?A)adj(’A) — det(’A)adj(*A).  (28)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: HESSENBERG basics

To derive this peculiar form we use the first adjugate identity:

Lemma (first (HESSENBERG) adjugate identity)

First adjugate identity:
(z — 9)adj(*A)adj(?A) = det(?A)adj(’A) — det(’A)adj(*A).  (28)

Specialized to HESSENBERG matrices:

(z—-0) Z:Xc1J (2)xc 14 (0) = xc, (2) — xc, (0)- (29)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: gluing results together

The last line implies the following representations (¢ > 0):

A (0.2) = Z XGiay (NG (0) V1=0,1,... k. (30)
j=l+1
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: gluing results together

The last line implies the following representations (¢ > 0):

A (0.2) = Z XGiay (NG (0) V1=0,1,... k. (30)
j=l+1

This together with

are the building blocks for the proof.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: gluing results together

The last line implies the following representations (¢ > 0):

A (0.2) = Z XGiay (NG (0) V1=0,1,... k. (30)
j=l+1

This together with
@ the special choice of the partial eigenmatrix Sy

are the building blocks for the proof.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

sketch of proof: gluing results together

The last line implies the following representations (¢ > 0):

I+1k 0,2) = Z XCiyyj1 ( XCJ)+1|<('9) VI =0,1,...,k. (30)
j=l+1
This together with
@ the special choice of the partial eigenmatrix Sy
@ the representation of the “basis” vectors
are the building blocks for the proof.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

Outline

e The results ...

@ linear systems: (Q)OR

Jens-Peter M. Zemke act Perturbed Krylov Methods



basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the approach

Suppose that Cy is invertible and that q; = ro/||ro||. Let zx
denote the solution to the linear system of equations

Ckzk = ex||rol|- (31)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the approach

Suppose that Cy is invertible and that q; = ro/||ro||. Let zx
denote the solution to the linear system of equations

Ckzk = ex||rol|- (31)
Define the kth (Q)OR iterate xx by

Xk = Qka (32)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the approach

Suppose that Cy is invertible and that q; = ro/||ro||. Let zx
denote the solution to the linear system of equations

Cxzk = eqrol|- (31)
Define the kth (Q)OR iterate xx by
Xk = Qxzk (32)
and the kth (true) (Q)OR residual by

re = ro — Axg. (33)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

a backward expression for the (Q)OR residual

A backward expression for the (Q)OR residual is given by

e = ro — Axx = (QuCk — AQk)Cy teq]|rol|
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

a backward expression for the (Q)OR residual

A backward expression for the (Q)OR residual is given by
e = ro — Axx = (QuCk — AQk)Cy teq]|rol|

= (—Ok+1Ck+1 k€8 + Fr)Zk
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

a backward expression for the (Q)OR residual

A backward expression for the (Q)OR residual is given by
e = ro — Axx = (QuCk — AQk)Cy teq]|rol|

= (—Ok+1Ck+1 k€8 + Fr)Zk
K

= —O41Ck+1kZkk T Y HZik
I=1
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transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

adjugate, inverse, determinant

Express the inverse of Cy as adjugate by determinant:
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

adjugate, inverse, determinant

Express the inverse of Cy as adjugate by determinant:

—Z|k

~ efadj(—Cy)e;
lIrol|

el () e = Ty
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

adjugate, inverse, determinant

Express the inverse of Cy as adjugate by determinant:

—Z|k _
T =€l (=Ci) er =
lIrol|
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

adjugate, inverse, determinant

Express the inverse of Cy as adjugate by determinant:

—ZKk _ T 1 e/l adj(—Cy)e1
ol ~ & %) 8= e e,
_ C11-1Xc 44 (0)
a XCy (0)
Utilize
Kk
Mk = OkpaChrak(—2kk) — Y fi(—zi)- (34)
=1
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the residuals

This backward expression plus Theorem on the “basis” vectors:

Theorem (the (Q)OR residual vectors)

The residual vectors of a (Q)OR KRYLOV method are
given by
xc, (A)
— 2=kN . 35
K= e, (35)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the residuals

This backward expression plus Theorem on the “basis” vectors:

Theorem (the (Q)OR residual vectors)

The residual vectors of a perturbed (Q)OR KRYLoOV method are
given by

A ‘ A) - 0
e = iig;((o))ro + [Iroll ;Cm1XC'+lik(X)Ck(é<)CH:k( )fl~ (35)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the residuals

This backward expression plus Theorem on the “basis” vectors:

Theorem (the (Q)OR residual vectors)

The residual vectors of a perturbed (Q)OR KRYLoOV method are
given by

A ‘ A) - 0
e = iig;((o))ro + [Iroll ;Cm1XC'+lik(X)Ck(é<)CH:k( )fl~ (35)

The perturbation terms remind of adjugate polynomials ...
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

adjugate, inverse, interpolation (I)

Definition (univariate adjugate polynomials)
We define univariate adjugate polynomials by

A (z) = (-1)*(xc, (0) = xc, (z))z 1

By CAYLEY-HAMILTON: Ay (Ck) = adj(Cy)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

adjugate, inverse, interpolation (I)

Definition (univariate adjugate polynomials)
We define univariate adjugate polynomials by

A (z) = (-1)*(xc, (0) = xc, (z))z 1

By CAYLEY-HAMILTON: Ay (Ck) = adj(Cy)

Observation

Univariate and bivariate adjugate polynomials are related by

Ak(z) = (1) A (z,0) = (-1)* A (0,2)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

adjugate, inverse, interpolation (II)

We define and denote the LAGRANGE interpolation of the
inverse by

_  Alz) xe (2) -
£z 1) = Geticy) = (1‘><ck(0)>z 1
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

adjugate, inverse, interpolation (II)

We define and denote the LAGRANGE interpolation of the
inverse by

e A2 xe (2) -
Li[z7H(z) = de'l[((ck) a (1 B Xck(0)> 2

Notations

We define and denote the LAGRANGE interpolation of a
perturbed identity by

_ xc(0) = xc (2)
xc, (0)

Jens-Peter M. Zemke Abstract Perturbed Krylov Methods
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

trailing {adjugate, inverse, interpolation}

We expand all notations to the trailing submatrices Cy, 1.
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

trailing {adjugate, inverse, interpolation}

We expand all notations to the trailing submatrices Cy, 1.
Then,

(36)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR
linear systems: (Q)MR

trailing {adjugate, inverse, interpolation}

We expand all notations to the trailing submatrices Cy, 1.

Then,
XCii1x (O) — XCiiax (A) _
C1:-1 =
Xck (0)
XCii1x (0) - XCii1k (A)
XCii1k (0)

(36)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR
linear systems: (Q)MR

trailing {adjugate, inverse, interpolation}

We expand all notations to the trailing submatrices Cy, 1.

Then,
XC|+1;|< (O) - XCI+1:k (A) _
Cii-1 -
XCy (0)
Xcl+l:k (O) — XCI+l:k (A) ) Cl:|leC|+1;k (O)
XC|+1;k (O) XCk (0)

(36)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

trailing {adjugate, inverse, interpolation}

We expand all notations to the trailing submatrices Cy, 1.

Then,
XCii1x (O) — XCiiax (A) _
C1:-1 =
Xck (0)
Xc1i(0) = xc 0 (A) - Cri-1xcp,1, (0) _
XCra1x (0) xc, (0)

L1 [1 = 550](A) (36)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

trailing {adjugate, inverse, interpolation}

We expand all notations to the trailing submatrices Cy, 1.

Then,
XCii1xk (0) — XCiy1x (A) _
C1i-1 =
Xck (0)
XC|+1;k(O) - XC|+1;k(A) . Cl:|*lXC|+1;k (O) o
XCii1xk (O) XCy (0)

Zik

L0 1 [1 = 020 (A)—-
|+1.k[ ZO]( )HrOH

(36)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

trailing {adjugate, inverse, interpolation}

We expand all notations to the trailing submatrices Cy, 1.

Then,
XC|+1;|< (O) - XCI+1:k (A) _
Cii-1 -
XCy (0)
XC|+1;k(O) - XC|+l:k(A) . Cl:|71XC|+1;k(O) =
XC|+1;k (O) XCk (0)

Z|k

L0 1 [1 = 050 (A)—-
|+1.k[ ZO]( )HrOH

(36)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the residuals

Theorem (the (Q)OR residual vectors)

Suppose that all submatrices C,1.x are nonsingular.
Then the residual vectors can be written as

_ XCy (A)
xc, (0)

k
Ik fo— Y 2kl 14 [ — 020](A) f. (37)
I=1

This occurs frequently, consider e.g. CG for HPD A.
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the errors, regular A

What about the error vectors?
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the errors, regular A

What about the error vectors?

Theorem (the (Q)OR error vectors, regular A)

Suppose that A is invertible and let x = A~'ry denote the
unique solution of the linear system Ax = rg.
Then the error vectors are given by

~—

XCy (A

xc, (0)

k
(x =) = X8B o) 1 g S gy DO A 3
=1

xc, (0)
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transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the errors, regular A

What about invertible submatrices?
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the errors, regular A

What about invertible submatrices?

Theorem (the (Q)OR error vectors, regular A and Cy1.x)

Suppose that all trailing submatrices C,. 1. are nonsingular.
Then the error vectors can be written as

(x —x) = XeB gy Zk:zm,c. wlz7YAYE. (39)
xc, (0) T

v
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basi sformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the errors, singular A

What about singular A?
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the errors, singular A

What about singular A?

Theorem (the (Q)OR error vectors, singular A)

When A is singular, with x = APry, where AP denotes the
DRAZIN inverse of A,

(x — AAPx, ) =

Xc, (A ))( _0)

xc, (0

+Hro||ch_ '“"(g)A)AADf.. (40)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the errors, singular A

What about invertible submatrices?

Theorem (the (Q)OR error vectors, singular A, regular Cj;1.x)

When A is singular, with x = APrg,

xc, (A)
(x — AAPX, ) = m(x —0)

K
=) ZiLivak[z TH(A)AAP . (41)
=1
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transformations

The results ... eigenvalue problems
linear systems: (Q)OR
linear systems: (Q)MR

(Q)OR: the iterates

The iterates xx can be composed like the RiTz vectors.
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the iterates

The iterates xx can be composed like the RiTz vectors.

Theorem (the (Q)OR iterates)

(0,A)

k
_ A1k
Xk = Lxl[z7Y(A)rg — [|r Ty g ey
[z77](A)ro Hofgl )

. (42)
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The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the iterates

The case of invertible Cy1.x:
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the iterates

The case of invertible Cy1.x:

Theorem (the (Q)OR iterates, regular C;, 1)

Suppose that all C;, 1. are regular.
Then

k

X = Li[z7(A)0 + ) zicLiplz (AN (43)
=1
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)OR: the iterates

The case of invertible Cy1.x:

Theorem (the (Q)OR iterates, regular C;, 1)

Suppose that all C;, 1. are regular.

Then
K

X = Li[z7(A)0 + ) zicLiplz (AN (43)
=1

Observation

This is a linear combination of k + 1 approximations from
distinct KRYLOV subspaces, spanned by the same matrix A, but
distinct starting vectors.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

Outline

e The results ...

@ linear systems: (Q)MR
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)MR: the approach

Let z, denote the minimal-norm solution of the least-squares
problem
1€ 2k — &xllroll[| = min. (44)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)MR: the approach

Let z, denote the minimal-norm solution of the least-squares
problem
1€ 2k — &xllroll[| = min. (44)

Define the kth (Q)MR iterate x, by

X = Qrzy (45)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)MR: the approach

Let z, denote the minimal-norm solution of the least-squares
problem
1€ 2k — &xllroll[| = min. (44)

Define the kth (Q)MR iterate x, by

Xy = Qkzy (45)
and the kth quasi-residual by

t = eylro]l — Cyzy = (I — CC})exlIroll- (46)

Jens-Peter M. Zemke Abstract Perturbed Krylov Methods



basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)MR: a backward expression for the residual

The residual r,, of the (Q)MR iterates has the following
backward expression:

I = ro — AXy = Qk+1€1|Iroll — AQkZy (47)
k

= Qusa(€1livoll = Ckzi) + Fzy = Quaatk + »_fizi. (48)
=1
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)MR: a backward expression for the residual

The residual r,, of the (Q)MR iterates has the following
backward expression:

I = ro — AXy = Qk+1€1|Iroll — AQkZy (47)
k

= Qusa(e1llvoll — Cxzi) + Frz = Quyatk + ) _fizy- (48)
=

Observation

To express the residual r, as polynomial in A, we “only” need
“polynomial” expressions for vy and z,.
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basis” transformations

The results ... eigenvalue problems
linear systems: (Q)OR
linear systems: (Q)MR

(QMR: HESSENBERG rewritings

Definition (the scalar vectors pu, i and [)

We define pairs of vectors 1, il € Cl and i = 7 ¢ CJ:
~1)"*1det(Ci119)
Crj—1
1= I=1
_1)i-! j
C1i-1 =1
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(QMR: HESSENBERG rewritings

Lemma (MOORE-PENROSE inverse of extended HESSENBERG)

The MOORE-PENROSE inverse of the extended HESSENBERG

matrix C, is given by

i €12 <det(Cj)adj(Cj) Cyjadj(Cy) Oj,k—j)
e Ok~ Ok~ Ok

1

cl=E5
=k ke 2 (2
> i—o [Cj+1:k|*[ det(Cy)]

(51)
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(QMR: HESSENBERG rewritings

Lemma (the minimal norm solution)

The minimal norm solution z, is given by

k —— .
Z 1G4 1|2 (det(cj)cl;jluj>

= o (52)
ol > o G414 || det(Cp)[2
o adi(C’ ,))adi(C | )exs1
-~ (-1 k+1( k1 ) kit (53)

Yo IGi+1:x 2] det(Cy)[2
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(QMR: HESSENBERG rewritings

Lemma ((Q)MR and (Q)OR)

Suppose all leading C; are regular. Then the relation between
the kth (Q)MR solution z, and all prior (Q)OR solutions z; is
given by

Z.
S0 det(@)Pleysaic? (2 )
> | Get(CPlcrs 1l

where zq is the empty matrix with dimensions 0 x 1.

Zy = (54)

)

Jens-Peter M. Zemke Abstract Perturbed Krylov Methods



basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(QMR: HESSENBERG rewritings

Lemma (the quasi-residual)
The quasi-residual vy is given by

k1
Ty (—1)'~1cx det(C_4)

— = C1k .
HrOH Z}(:O ‘Cj+1:k’2| det(cj)’2 |=1

(55)
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basis” transformations
The results ... eigenvalue problems
linear systems: (Q)OR

linear systems: (Q)MR

(Q)MR: the residuals, errors and iterates

The (Q)MR residuals, errors and iterates can be composed like
their (Q)OR counterparts ...
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)MR: the residuals, errors and iterates

The (Q)MR residuals, errors and iterates can be composed like
their (Q)OR counterparts ...

Lacking is the “right” interpretation.
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basis” transformations
The results ... eigenvalue problems

linear systems: (Q)OR

linear systems: (Q)MR

(Q)MR: the residuals, errors and iterates

The (Q)MR residuals, errors and iterates can be composed like
their (Q)OR counterparts ...

Lacking is the “right” interpretation.

This is currently work in progress.
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e ... and their impacts
@ general comments
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@ do explain certain observations.
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general comments
finite precision issues

- and their impacts inexact KRyLov methods

general comments

The results . . .

do not prove anything about convergence.
do explain certain observations.

help in understanding the intrinsic behavior.
are well suited for classroom introduction.

are useful in connection with results on particular methods.
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general comments
finite precision issues

- and their impacts inexact KRyLov methods

general comments

The results . . .
@ do not prove anything about convergence.
do explain certain observations.
help in understanding the intrinsic behavior.
are well suited for classroom introduction.
are useful in connection with results on particular methods.

are aiding the design of particular finite precision/inexact
methods.
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Outline

e ... and their impacts

@ finite precision issues
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We know that finite precision CG/Lanczos methods
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finite precision issues

- and their impacts inexact KrRyLov methods

descriptions

We know that finite precision CG/Lanczos methods

@ compute clusters of RITz values resembling (simple)
eigenvalues.
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We know that finite precision CG/Lanczos methods

@ compute clusters of RITz values resembling (simple)
eigenvalues.
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genera\ comments
finite precision issues

- and their impacts inexact KrRyLov methods

descriptions

We know that finite precision CG/Lanczos methods

@ compute clusters of RITz values resembling (simple)
eigenvalues.

@ tend to show a “delay” in the convergence.
We can use the theorem(s)

@ on the “basis” vectors to explain the occurrence of multiple
RiITz values.
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genera\ comments
finite precision issues

- and their impacts inexact KRyLov methods

descriptions

We know that finite precision CG/Lanczos methods

@ compute clusters of RITz values resembling (simple)
eigenvalues.

@ tend to show a “delay” in the convergence.
We can use the theorem(s)

@ on the “basis” vectors to explain the occurrence of multiple
RiITz values.

@ on the RITz residuals and vectors to understand the sizes
of the RITZ vectors.
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genera\ comments
finite precision issues

- and their impacts inexact KRyLov methods

descriptions

We know that finite precision CG/Lanczos methods

@ compute clusters of RITz values resembling (simple)
eigenvalues.

@ tend to show a “delay” in the convergence.
We can use the theorem(s)

@ on the “basis” vectors to explain the occurrence of multiple
RiITz values.

@ on the RITz residuals and vectors to understand the sizes
of the RITZ vectors.

@ on the (Q)OR iterates to understand the “delay”.
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Outline

e ... and their impacts

@ inexact KrRyLov methods
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general comments
finite precision issues

... and their impacts .
P inexact KryLov methods

choices

In the inexact methods we have to chose the magnitudes of the
errors f| = A(q; such that convergence is not spoiled.
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general comments
finite precision issues

... and their impacts .
P inexact KryLov methods

choices

In the inexact methods we have to chose the magnitudes of the
errors f| = A(q; such that convergence is not spoiled.

Example (inexact (Q)OR, e.g., inexact CG)

We have proven

k
X = L[z (A0 + ) zic gz (AN (56)
I=1
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general comments
finite precision issues

... and their impacts .
P inexact KryLov methods

choices

In the inexact methods we have to chose the magnitudes of the
errors f| = A(q; such that convergence is not spoiled.

Example (inexact (Q)OR, e.g., inexact CG)

We have proven

k

X = L[z (A0 + ) zic gz (AN (56)
I=1

Based on the behavior of the solution vectors z, and/or the
LAGRANGE interpolations we can allow the perturbation vectors
f, to grow (in certain directions).
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the computed RiITz values.
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Our abstraction
@ can not be used to directly prove convergence.
@ does not predict the behavior of the RITz values.

@ expresses RITz vectors and (Q)OR quantities in terms of
the computed RiITz values.

@ establishes and promotes a new point of view:
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Summary

Summary

Our abstraction
@ can not be used to directly prove convergence.
@ does not predict the behavior of the RITz values.

@ expresses RITz vectors and (Q)OR quantities in terms of
the computed RiITz values.

@ establishes and promotes a new point of view:

perturbed abstract KRyLOv methods
as additive overlay of
exact abstract KRyLOv methods.
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Summary

Summary

Our abstraction
@ can not be used to directly prove convergence.
@ does not predict the behavior of the RITz values.

@ expresses RITz vectors and (Q)OR quantities in terms of
the computed RiITz values.

@ establishes and promotes a new point of view:
perturbed abstract KRyLOv methods

as additive overlay of
exact abstract KRyLov methods.

@ (Q)MR case has to be investigated more thoroughly.
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Summary

that's all ...
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